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HOMOLOGY AND SOME HOMOTOPY DECOMPOSITIONS
FOR THE JAMES FILTRATION ON SPHERES

PAUL SELICK

ABSTRACT. The filtrations on the James construction on spheres, Ji (5‘2”)7
have played a major role in the study of the double suspension S27~1 —
02527+ and have been used to get information about the homotopy groups of
spheres and Moore spaces and to construct product decompositions of related
spaces. In this paper we calculate H. (QJk (52”) ;Z/pZ) for odd primes p.
When k has the form p? — 1, the result is well known, but these are exceptional
cases in which the homology has polynomial growth. We find that in gen-
eral the homology has exponential growth and in some cases also has higher
p-torsion. The calculations are applied to construct a p-local product decom-
position of QJg (52”) for k < p? — p which demonstrates a mod p homotopy
exponent in these cases.

0. INTRODUCTION

One of the major problems in homotopy theory is to determine the properties of
spaces of the form QX , where X is a simply connected finite complex. A dichotomy
in the rational homotopy of such spaces has been observed by Felix, Halperin, and
Thomas [FHT], who showed that for such X, either m,(X) ® Q is 0 for all suf-
ficiently large n or else its dimensions grow exponentially with n. Expressed in
terms of homology rather than homotopy groups, this translates to saying that
either dim H,,(2X;Q) has polynomial growth or it has exponential growth. They
introduced the terminology “elliptic” for the first type of space and “hyperbolic”
for the second. Independently, John Moore observed that this distinction between
elliptic and hyperbolic appears to be reflected in the properties of the torsion ho-
motopy groups of the space as well. He conjectured that an elliptic complex should
have a homotopy exponent for each prime while a hyperbolic complex should not
have a homotopy exponent for any prime (cf. [S3]). That is, given a prime p, there
should exist an r such that p” (p-torsion (X )) = 0 for all n if and only if X is
elliptic. Given a prime p, spaces can be further differentiated according to whether
or not the mod-p homology of their loop space has polynomial growth or not. We
say that X is mod-p elliptic if H, (QX;7Z/pZ) has polynomial growth and mod-p
hyperbolic otherwise. It is not known whether the mod-p homology of mod-p hy-
perbolic spaces must have exponential growth. Of course if X is hyperbolic, then it
is mod p hyberbolic for each prime p, but an elliptic space may be mod p hyperbolic
as illustrated by the mod p Moore space S*~! Up e which we will write as P (p).
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The Moore conjecture has been verified for only a handful of spaces, and with
the exception of the Moore space P¥(p) all of the elliptic spaces for which it has
been verified for a given prime p are also mod-p elliptic at that prime. One of the
purposes of this paper is to demonstrate a mod p homotopy exponent for certain
elliptic spaces, many of which are mod-p hyperbolic.

Let Ji(X) denote the k-th filtration of the James construction, J(X), on X,
where X is a pointed topological space with basepoint x. Explicitly, Jx(X) =
X*/ ~, where

(xl,... sy Lj—1, %, Lj, Tj41,--- ,:rk_l) ~ (zl,... sy Lj—1, L, %y L1y ,:rk_l).

Theorem (James). If X is a connected CW complex, then
1) J(X) = QXX;
k

2) LJ(X) ~ \/SXO),
j=0

The spaces Ji (52™) have played a major role in the study of the double suspen-
sion map E? : §?"~1 — Q282"+! and in determination of properties of homotopy
groups of spheres and Moore spaces including construction of product decomposi-
tions of related spaces. After localization at a prime p the most tractible of these
spaces are those for k of the form p* —1. Many properties of these spaces are known,
including the fact that QJ,_; (S%") has a mod-p homotopy exponent for ¢ > 0.
However these are exceptional cases which are mod p elliptic.

In the first section of this paper we will calculate the mod p homology of
QJy (S’ 2") for odd primes p. One of the interesting features of this homology is the
appearance of higher p-torsion in some cases. As we shall see, although Jj, (S 2") is
elliptic for all k, for each prime p it is mod-p hyperbolic for “most” k. In section 2
we will obtain a homotopy decomposition of QJ;, (S?") after localization at p in the
cases k < p* —p and use it to show that Jj, (") has a mod-p homotopy exponent
for such k. While analogous decompositions may exist for k& > p? — p (and some
cases will be shown in a followup paper [S4]), the existence of non-trivial Steen-
rod operations (other than the Bockstein) precludes a decomposition of exactly the
same form.

Throughout the rest of this paper, let p be an odd prime. We will be working
exclusively with p-local spaces and will abuse notation by using X to mean X,).

Our main decomposition theorem states

Theorem. For k such that p < k < p? —p and k # —1(p)

QJi, (S°") &~ Fa(n)

Q) S2n(k+1)—l V. \/P2n(q+l)p+j(2np—2)—1(p) V. \/P2n(k:+p+1)+j(2np—2)—2(p)
Jj=0 j=0

where Fy(n) is a mod-p elliptic space introduced in [S2] which is known to have a
homotopy exponent.

The cases where p < k < p? —p and k = —1(p) are elliptic, and in these cases
we get the simpler result
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Theorem. For k such that p < k < p? —p and k = —1(p)
QJj (S%") ~ Fy(n) x Q82D

1. HOMOLOGY OF QJj, (S%")

In this section we calculate the mod-p homology of Q.J; (52") as a Hopf alge-
bra by means of H, (QJy (5*");Z/pZ) = H(A(k,n); Z/pZ), where A(k,n) is an
Adams-Hilton model for Jj, (52").

For a graded set S, let T(S), S(S), L(S) and LL,;(S) denote respectively the tensor
algebra, free abelian graded algebra, and the free and free abelian Lie algebras on S
with Z,) cocfficients, and let TZ/?%(S), SZ/P%(S), L2/P2(S) and LZP*(S) denote
their mod-p reductions. Let U denote the universal enveloping algebra functor.
Thus T(S) = UL(S) and S(S) = UL(S).

The following lemmas are standard.

Lemma 1.1. Let A = L{ay,aq9,...). Let a, = u;a; + ¢;, where u; is a unit in
Zpy, leil = lag|, and c¢; € [A, A]l. Then the induced Lie algebra homomorphism
L{a},d},...) — A is an isomorphism. Similarly if B = L{a1,b1,az2,b2,...) and

a; = wia; + \ib; + ¢;, where u; is a unit in Ly, Ni € Ly, |cil = lai|, and ¢; €
[A, A], then the induced Lie algebra homomorphism L{a},by,ak, ba,...) — B is an
isomorphism. O

Lemma 1.2. LetIL(S) be a differential Lie algebra (DGL) and let A = L(SU{a,b})
where da = b. Then the canonical inclusion L(S) — A and surjection A — L(S)
induce inverse isomorphisms on homology. O

It is well known (cf. [A]) that A(k,n) = ULy(k,n) where

L()(k, Tl) = ]L<y1a Y2, ... )yk>a

with |ym| = 2nm — 1 and

m—1
1 m
o) =5 3 (7)ot
i=1
In the notation for this and other Lie algebras which will be introduced, we will
omit k and n when there is no possibility of confusion. Conversely we might write
Ym,n for additional clarity when more than one n is under consideration. Write
k=co+cipteap?+...+ept. Set ko =k, k1 = (ko —co)/p, k2 = (k1 —c1)/p, -,
kt = C¢.
Let L; denote the DGL kernel of the surjection Lo — Lgap(y1). Then

L, = ]L<221 Y2,23,Y35 -+ s 2k Yk, Zk+1>7

where 2z, = [y1,ym—1]. For degree reasons the algebraic Serre spectral sequence
for the short exact sequence of differential Hopf algebras YLy — ULy — UL (y1)
collapses to give

)

(L{Ll) ® H, (U]Lab<yl>)

H*
H, (UL1) ® S{y1)

as coalgebras.
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We wish to change basis for L1, using Lemma 1.1, so as to be able to pair off
some generators under d and be able to apply Lemma 1.2.

Let v,(m) or simply v(m) denote the largest integer such that p»(™ divides m.
For m < klet 2/, be 1/p”("™) times the sum of those terms in the defining expression
for dy,, indexed by integers j such that j and m — j are not both divisible by p.

Explicitly,
1 e 1 (m)[ ]
Am = T35 WY Ym—5]-
2 i1 pl’(m) i J J
J#£0(p) or m—j#0(p)
Thus
, m 1 = L (m\ _
Zm = _pl’(m) Zm — 2 - pu(m) ] [yjaym—j]
(1) J=2,
JZ0(p) or m—j#0(p)
— _p”( )Zm —|— [Ll, Ll],

where here (and elsewhere) x4 [A, B] is used to indicate an element congruent to x
modulo the subspace generated by {[a,b] | a € A,b € B}.

Although there is no yg4+1 in Li(k,n), the above expression for 2/, does make
sense when m = k + 1, so we use it to extend the definition of 2], to the case
m =k + 1. Since m/p”(m) is a unit in Z,), we can use Lemma 1.1 to change basis
and write

/ / / /
Ll = L<Z27y2)23)y37 ce. 7zk7ykvzk+1>'

If m £ 0(p), then all terms in the expression for dy,, are terms in z/, and so
dym = 2, in this case. Notice also that dy, = pz,,. Let

/ / / / !
Ll = L<Zp7 yp7 Z2pa y2p7 s 7Zk1pa yk’lp) Zk+1>'

The above definitions imply that L] is closed under the differential and Lemma 1.2
shows that the inclusion of DGL’s L} — L induces an isomorphism on homology.
Let

! ! !
Kl = ]L<Zp7 Yp, Z2p7 Y2py .- azklpa yk1p>'

K, is a sub-Lie algebra of Lj.

If k < p, then L = L(z}_ ) and so H, (QJ (52")) is given by H, (QJ; (5?")) =
S{y1,2},,.1)- We now suppose that k > p. Let Lo denote the DGL kernel of the
surjection L} — Lap(2,,yp). L2 becomes a ULqy(z,, yp)-module under the action
induced by v - w = [v,w] for v € Lap(2,,yp), w € La. Set am = [Yp, Ym—p| and
bm = [Yp> Zp—p]- Then Ly = L(Bz), where By is a basis for the free Ulapy(z,,)-
module on

! !
{b2p7 a2p, Z2p7 Y2p, b3p7 asp, Z3p7 Y3py - - bk?1p7 Qkyips

/ !/
Rkyps Ykips Bk+1> b(k1+1)p7 A(ky41)ps bk+p+1}'
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After reduction modulo p the algebraic Serre spectral sequence again collapses to
give the coalgebra decomposition

H, (UL1; Z/pZL) =2 H, (ULs; Z/pZ) @ S“/P%(2) )
so that
H, (QJy (S*");Z/pZ) = H, (UL2; Z/pZ) @ SE/P2(y1, 21, )

as coalgebras.

Our next goal is to rechoose our generators of Lo in such a way as to pair off
more generators under d and again apply Lemma 1.2 to produce a sub-Lie algebra
LY with L) — Lo inducing an isomorphism on homology. We will then show how
to relate the homology of L} to that of L} (ki,np), thus obtaining the homology of
L in a recursive sense.

For ¢ such that ¢ < k and m divisible by p let a; be 1 /p* @~ times the sum
of those terms indexed in the defining expression for dy, by integers j such that j
and g — j are not both divisible by p?. Explicitly,

, 1 et 1 mp
Oy = — 5 Z W . [yj7ymp—j]
=1

—1, J
JZ0(p)
m—1
1 1 mp
2 Z pv(mp)—1 <]p ) [yjp7 ymp—jp]'
—ry
J20(p) or m—j20(p)
Thus
a o 1 mp u
mp DZmp pu(mp)—l D mp
m—2
1 1 mp
(2) - 5 pu(m)—l <]p ) [yj;n ym—jp]
=2,
JZ£0(p) OJT m—j#0(p)
1 mp
_ /
=DPZmp — pu(mp)—l < p )amp + [L27 LQ]'

Note that (1/p”(mP)=1) (";p) is a unit modulo p and that if m # 0(p), then the
definition implies that dy,,, = aj,,-
Differentiating

m—1
v(m 1 mp
dymp =p ( P)Z;np - 5 Z ( Zp ) [yi;m ymp—ip]
i=1
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yields

m—1

1 mp
dz;np = - ( ip )d[yipa Ymp—ip)

2pV(mP) _

1=

m—2

1 mp 1 — [(mp
= d mp— . d ipy Ymp—1
pv(mp) < » ) [ypvy P ;D] + 9 (mp) z:; (Zp) [yp Ymp :D]

K2

=t (") (0] = iy ]) + [, 2]

o\ p
1 mp D mp
= W( » )[ypadymP—P] - W( ) 2 Ymp—pl + [L2, La].

Using the fact that Ly is a UL (2, yp)-module, or directly from the Jacobi identity
we see that [y, [L2, La]] C [L2, Ls], and so [yp, [Yip, yjp]] belongs to [La, Lo] for all
i and j. Thus

[y;m dymp—p] = [y;mpu(mp—p)z/ ] + [L27 L2] = pu(mp—p) bmp + [L27 L2]

mp—p
Therefore

v(mp—p)
p mp p mp
& = L (" Yom— o (" bty +

Notice that if m # 1(p), then (p”(mp_p)/p”(mp)) (";p) = (p/p”(mp)) (";p) is a unit
modulo p.
Turning now to the case m = 1(p), write m = ¢gp + 1. From (3),

v(ap?) 2 2
p qp~ +p p qp~ +p
& e < )bq,,2+p N < ; ) (2 ape] + (L2, Lo]

ap*+p = pu(ap?+p) P pr(ar*+p)
v(qp®) 2 2
p qp” +p qp” +p
(4) = ( ) )bqp2+p - ( ) )[z;,qu] + [La, Lo).

Note that (qpifp) is a unit modulo p. Our intention is to use these formulas to
justify replacing the generators (z;)j by by d ((z;)J . dz;np) for m # 1(p) and

j >0 and replacing (z;)j “Ygp2 by d ((z;)j_l . Z;p2+p>, for j > 1.
Also,
dbgpz4p = d[Yp, z;;ﬂ]
= [Pz Zp2] — [Up> dzgy2]
v(ap®—p) 2 2
p ap p ap
= Plep 2] = lym W( » )bqp2 ~ ) ( » )[Zé»qu—p] + [L2, L]

using the earlier expression for dz; . and the fact that [Yp, [L2, La]] C [L2, Ls]. The
Jacobi identity gives [y, bgp2] = [yp, [yp,z;pz_p]] = (1/2)[azp, 22| € [L2, Lo
Similarly [y, [2), Ygp2—p]| = 2} agp2] + [L2, L2]. Therefore

2
p qp
(5) dbgp2 1p = D2 2] — przcT) < » )[z;, agp2] + [L2, Lo].
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Noting that (p/ p”(qp2)> (‘”;2) is a unit modulo p, we shall use this formula to replace

(2p)? - agpz by d ((Z;/;)j_l “bgp24p) for j > 1.
Combining (1)—(5) gives

Ly = L{ap:s, Yp2, Ahyzs Yap2s - - Qypos Ykgp2 U Ca U D)
where C5 is a basis for the free Z/l]Lab<z1’)>—module on
{{dymm ymp}2§m§k1,m$é0(p) U {dz;n;m z;np}2Sm§k1 U {dbqp2+p7 bqp2+p}1§q§k2}
and Dy is a basis for the free UL, (z;,)-module on
{Zht1s €l 1)ps Qkr+1)ps D1 }
with
ey = 3 Drpy iR 0(p);
(k1 +1)p 2 Ykip, if k1 = 0(p).
Let
K2 = L<alp2 y Yp2,s a/2p2 s Yop2y - - a;mp? ) yk2p2>a
and let I5 be the Lie ideal of Ly generated by Cs.

Lemma 1.3.
1)[yp,K2] C IQ,
2)[z1’,,K2] C L.

Proof. 1) Examination of (2) shows that the terms appearing in that formula as
[L2, Lo] always lie in I and in fact lie in [I2, Is] when m = 0(p). The Jacobi identity
implies that [y, [I2, I2]] C Iz and so

1 2
= yp,pz;pg —-——— » Ggp?
p”(QP )—1 p

1 qp*
= plbgp24p] — W( ) [y;m [Yp, yqu—pH

p p
_ 1 qp*
~ oprar®)-1\ p [Yap2—p- azy]
=0 mod Is.
Also
2 2
qp” +p _ (ap®+Dp
p [Yps Ygp2] = D QAgp?+p

/

— li
= —Agpryp T PZgp2yp

—dYgp24p + pz;p2+p
=0 mod Iy

and so [Yp, Ygp2] € 2.

2) Let z belong to Ks. Since I is a differential ideal (dIy C I2) and [y, z] € 12
by (1), differentiating gives p[z,, =] — [yp, dx] € I2. Since [y, dz] € [yp, Ko] C Ia,
this gives [z, 7] € Ia. O
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Since I is acylic, the preceding lemma implies that the inclusions [y,, Ka] < Lo
and [zp, K2] < Lo induce the zero map on homology. The key step in the recursion
is showing that Ka(k,n) = Ki(k1,np).

Write y7 and z’# for the generators ym np and z;, ,,,, of Ki(k1,np). Let

u(m) = m!i(ph)™

(mp)!
The following lemma is easily checked.
Lemma 1.4.
a) u(m) is a unit modulo p for all m.
b) (T;)u(m) = (T)u(])u(m — ) for all j and m. |

Insight into the definition of u(m) is as follows. Let H : Q.J (S?") — Q.J (52"P)
denote the pth Hopf-invariant map. Toda [T] checked that for all m, H induces an
isomorphism on Happ (5 7Zp)) by showing that it induces multiplication by 1/u(m)
in degree 2nm.

Define g : Ki(ki,np) — Ka(k,n) by g(yf,) = u(mp)ym: and g(z'}) =
u(mp)ay, 2

Theorem 1.5. g is an isomorphism of differential graded Lie algebras.

Proof. 1t is clear that g is an isomorphism of graded Lie algebras, but we must
check that g commutes with the differentials.

vomp) 1K
(6) a* ) =~ o Z ( ) [ Y]
and
) — 1 mp
d(ymp2) =D (me™) la;np 5 Z ( )[yjp2’ymp —jp? ]
™) g
_ylmp) 2 mp ‘ ,
p o2 B < (]-pg ) [yjp2 ) ymp2—Jp2]'

Therefore

m—1
vim 1 mp
gd* (yft) = p" " g(2'7 ) — 5 ( : )[9(yﬁ),g(yﬁp_jp)]
=1

m—1
v{m 1 m
= u(mp)p ( p)a;np - 5 u(]p)u((m_])p)< . )[yjp » Ymp2—jp ]
P Jip
1 (mp?
— u(mp)pu(mp)a;np2 — u(mp)§ <]p )[yjp 2, Ymp2— jp?]

= u(mp)dymp2
= dg(yhy)-
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Differentiating (6) and solving for d# (2’ ﬁp) gives

m—1
vim I Sl
P p)d#(z’mp) =5 <jp)d#([yﬁayﬁp—jp])
=1

and (7) gives a similar expression for d(a;, .). Therefore

m—1
v(m # 1 mp
P gd (,) =5 ( gd* ([l vl )

"T‘p) oty )
)uomu((m = D) dWsp s Yoy

) LT ——)

=u (mp)pu(mp) Appp2
gt

where we have made use of the previously verified result that gd# = dg on yﬁp.
Therefore gd# = dg on all of the Lie algebra generators. O

Remark. Although the situation is not exactly identical, this calculation is essen-
tially the same as that in [A, proof of Lemma 2.6b].

We continue choosing our new generators for Ly. Let h = g~ ! : Ka(k,n) —
K1 (k1,mp). We next choose C/(k1+1)p and a’(k1+1)p to replace ¢k, +1)p and ag, 11)p
and extend the domain of h : Ka(k,n) — Ki(ki,np) < Li(ki,np) to include 2,
and these elements.

The definition of a;np we used when mp < k will not make sense when m = k1 +1
since there does not exist yx, +1), in Lao(k,n). However there is such an element in
Ly(oc0,n), and we will denote it as g, 11y, In La(co,n) write

A+ 1)p = P 2ayp + 0+ B,

where ¢t = v((k1 + 1)p),

Z(ky+1)p = Ly <(k1+1)p)[y- Ytaip—s]
Hl)p = — 2 - . 5 1+1)p—3jls
2= J
JZ0(p)
k1
1 1 (k1 4+ 1)p
a= ~3 Z F ( ip [Yp> Yk +1)p— )5
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and ( is the sum of the remaining terms. If k; Z —1(p), then t =1 and 8 = 0. If
k1 = —1(p), then k1 +1 = (k2 + 1)p and

k2
p= _% Z <(k1j_;21)p> [Yip2 (k1 +1)p—sp2 ]
j=1
Notice that o and § lie in La(k, n). Since differentiating gives
0 =p'dZ(k, +1)p + p'~ "dov + dB,
we see that d3 is divisible by p~! and da + dB/p'~! is divisible by p.

pt—l

u((kl + 1)p)

Proof. If k1 # —1(p), then both sides are zero. For k; = —1(p),

Lemma 1.6. d§ = gdz’k#lﬂ.

k
vt = i1 _’_li ki +1 Wty ]
ykl—‘rl =D ki+1 2 yjp7yk;1+1_jp

o\ ap
and so
k2
pled YL = _% > (klj; 1)“(Jp)U((’€1 + 1P = 3p)dlyjpe: Y+ 0p-in?)
j=1
1 (k1 +1)p
_ _§; ( i )u((kl + 1)p)d[yjp27y(k1+1)P—jP2]
= u((kl + 1)p)dﬁ u

Set ay, 41y, = — and ¢y 1y, = d2( 1) = —(da + dB/p'=1)/p. Thus

#
gdz']
8 da; = pc; + ——2,
(8) Akr+1)p = PE(ki+1)p u((/ﬁ _|_1)p)

From the definition,

/ e r—
Ak +1)p — ¥ =

1 <(k1 +1)p

1 » )a(kl—l-l)p + [L2, Lo},

p

and note that (1/pt_1) ((klzl)p) is a unit modulo p. Therefore we may replace
A(k,+1)p DY a'(k1+1)p in our basis for Ls. Differentiating gives

#
, gdzy 4 1 <(/€1+1)p>
+ =— d + [Lo, Lo].
Pl +1)p u((k1 + 1)p) pt=t p akarp + L2, Lol
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Since gdz’fﬁ_1 € [La, La],

1 ((k1+1p
v == () s mar] = i) + [ Lo
1 ((k1+1)p ,
= _E <( D ) )([pzévyklp] - [ypvp (klp)zllﬂp]) + [L27L2]
1 ki+1 D y
Tl <( P ) )([Z;ﬂyk'lp] —-P (kl)b(k1+1)p) + [La, La].

Note that [z}, yr,p] appears in our basis when k1 # 0(p), so this formula together
with the fact that (1/pt_1) ((h;l)p) is a unit modulo p justifies the replacement of
Clk1+1)p DY €1, 41)p in our basis for Ly both in the case where k1 = 0(p) and the

case k1 Z 0(p).
Let

o ’ ’ ’ ’ ’ ’
M2 - L<a’p2 ) yp27 a2p2 ) y2p2a ce ak2p2 ) yk2p2 ) Zk;-l,-lv C(k1+1)p) a(k1+1)p>'

If k # —1(p), then dz; , = 0. In the case k = —1(p), we have k +1 = (k; +1)p, so
this is the one case where Z(;, 41y, lies in Lo(k,n). In thif case Z(p, 41)p = zEkIJrl)p
and so dzéki+1)p = c'(kﬁ_})p. Extend the deﬁnition of hto h: Ma(k,n) — L} (k1,np)
by setting h(z},1) = 0, h(c{y, 41y,) = 0, and h(afy, 1),) = (1/u((k1 + 1)p)) z/k#1+1'
By the above calculations, h commutes with the differentials. Furthermore we can
form a Lie algebra extension g of g to L} (k1,np) by setting

oy Jul(Br+Dplag 1), if k # —1(p);
9) 92’ ) = {u((kl + 1)p)(a'(k1+1)p —pz4q), ifk=—-1(p)

to form a right inverse to . Formula (8) implies that this extension commutes with
the differentials after reduction modulo p. The extra term we have included when

k = —1(p) is not essential to the computation, but it makes the determination of
the operation of the Bockstein easier. This splitting together with the fact that
b0 if k% ~1(p);
L1 = el
s T E=—1(p)

shows that the mod-p homology of U Ms is given by

gH. (UL (ky,np); Z/pZ)
(10)  H, (UMs(k,n);Z/pZ) = ]_[']I‘Z/pz<c’(kl+1)p, Zpgr)s if kZ —1(p);
gH. (UL (k1,np); Z/pZ), if k= —1(p).

At this point we have
L2 = ]L<CL;)2 y yp2 y aépz s y2p27 ey a;cng s yk2p27 Z;€+1 y C/(kl-i-l)p’ a2k1+1)p U CQ U D/2>
where Cy is as before and Dj is a basis for the free UL (2;,)-module on

/ / / / / /
{zp “Rk+10Fp " Clka+1)p Pp a(k1+1)p’bk+17+1} :
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As graded Lie algebras, we can rewrite this as
Ly = My [TIL(C2) [TL(D3);

however, this need not be true as differential graded Lie algebras as L(D' ) might
not be closed under the differential. Our final move is to replace z;, a( ki +1)p by an
element w(, 12), S0 as to rectify this defect.

We consider first the case k = —1(p). In this case dz;_; = (), and so
d(z, - zEkIJrl)p) =2z," c’(k1+1)p Set Wk, +2)p = dbripy1. Explicitly,
Wk, +2)p = dbktp+1
= d[ypvzk+1]
= p[zé’ Zl/c+1] - [ypv Cékﬁ-l)p]
#
da gdzy!
o 1+1
=plZp 21l T W — 1T W — Ty
o )+ o )+ ]
:p[z;l/ﬂzl/c—i-l]
1 1 i 1 ((ki+1)p
1
+= yad -5 __< . )yvyk —J
p |77 2 j; T\ gy ) W Ykl
J£0(p) or ki+1—jZ0(p)
+ [yps (L2, Lo]]

1 (kl + 1)p
= p[z;:ﬂzl/c-i-l] - Q_pt [ypv d(( D 2[yp7yk1p]

k1—1
k1 + 1
+ Z ( ) Y;p, y(k1+1)p—jp]> + [L27L2]
i=2,
JZ0(p) orjk1+1 —j#0(p)
(kv +1)p
— sl sl - (O

) y;m yp7yk71p ] [L27L2]

1/(k —|—1 )p
—p[zéazl/<+1]_p_< ! ) [ypa pzpvyklp] [ypa [ypvdyklp]])+[L27L2]

1 <k1+1)p
p

= p[zz/)’ Zl/c—i-l] - p_ va ypa yklp]] + [yklpa [yp,pzz’)]]

1
+ 5 lazp, dykw]) + [L2, Lo]

(k1 +1)p
= plzy; 2 1] — E( » (7, (ky +1)p) + Whips Pb2p]) + [La2, Lo]

= p[zéa Zl/<+1] + [Z;n azkl—l-l)p] + [L27 LQ]

Thus w(y, 42)p = dbg4pt1 is a valid replacement for 2 in this case.

!
" Ak +1)p
Finally when k # —1(p), We will choose w(x, 12)p in such a way that dw, 42y, =
P2y C(ky +1)p- Since 2, gd# 2 k 41 isacyclein [z, Kg] its image in L is a boundary

by Lemma 1.3. Choose v such that dy = z d#z k,+1- Since the bracket length
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of z; . gcﬁ‘iﬁz',ﬁ;ﬁl_|r1 is greater than 2, we see that v € [La, Lo]. Set w42y, =
2yl 11y, —7/u((k1+1)p). Then wy, 42), is a valid replacement for 2}, - afy,, . ),
and dw(k, +2)p = P2, * (g 41,
Lemma 1.7. For k # —1(p), w(k,+2)p is homologous to [yp, (s 1,)-

Proof. Write a ~ b to mean a is homologous to b. By construction w, 12), ~
(25 @{3, 1), For all :’c, [Yp, ] ~ plz,, 7] since d[y,, ] = p[zl’),/x] — [Yp, dz]. /Thus for
v € Ko, [yp,dz] ~ [2,,7] ~ 0 by Lemma 1.3. By definition et 1)p = da(k1+1)p/p
—/dﬁ//pl’((kﬁ‘l)p) where 8 € Ka. Therefore [yp, c(y, 1)) ~ [Pz, afy, 11),/P] ~
[Zp’ a(kl—‘,-l)p]'

After this replacement in both cases we get a decomposition as DGL’s

where My and Cy are as above and Ny = (DY) where D} is a basis for the free
ULy (2,)-module on

!/ / / /
{Zp *Rk+15Rp ° C(k1+1)pa W(k14+2)p> bk—i—p-l—l} )

with the differential given by

oy = e
dbk;+p+1 = pz;) . 21;4-1 ,
and
dz), - 21 = 2 Cry 1) if k=—1(p).
dbk4p+1 = Wk, 42)p

Applying Lemma 1.2 gives a mod p homology isomorphism
H, (U(M2]IN3); Z/pZ) — H. (U(M2]IN2); Z/pZ)
with

Ve iR 1)
2= .
0, ifk=-1(p).

Thus combining this with (10) gives

H. (ULY(k,n); Z/pZ)
gH. UL\ (k1,np); Z/pL)
LIT272( {27 - 21 o,
{2l ptizo {2 - wis2iptizo {2, - bk+p+1}g‘20>v if k # —1(p);
gH. (UL (k1,np); Z/pZ) , if k= —1(p)

as coalgebras.
The results of the preceding calculations are summarized in the following theorem
which determines the coalgebra H, (Q1J;, (S*");Z/pZ) in a recursive sense.
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Theorem 1.8. If k < p, then H, (0, (S*");Z/pZ) = SZ/pZ<y1,z,'€+l>, For k >
p, as coalgebras

H. (QJi (5*");Z/pZ)
gH.. (UL} (K1, np); Z/p) HTZ/”Z<{Z{)j 2y 1200427 - s g1y ti00

=32 Wi s2)ptizo. {2 'bk+p+1}j20> @ SHPE (1, 2 yp), if K # —1();
GH, (UL} (ky,np); Z/pZ) @ SP/PE{y, Zpy Yp), if k=—1(p).

where H. (UL} (q,m); Z/pZ) = S¥/P%(z] 1) for ¢ < p and

H, (UL} (q,m); Z/pZ) = H, (UL (g, m); Z/pZ) @ SE/P%(2] )
gH. (UL (q1,mp); Z/pZ)

LT {257 2pa}i200 247 -y hizo

o~

{207 wig 12y ti0, {2 'bq+p+1}j20> ® SEPE( ), if ¢ # —1(p);
gH. (UL (q1, mp); Z/pZ) ® Sz/pz<zl’7,yp>, if q= —1(p).
forq>p. u

It is well known (and can be obtained as a limiting case of the preceding calcu-
lations) that

H, (QJ (S2n) 7Z/pZ) = SZ/pZ<U2n—17 U2np—2, V2np—1, - - - s U2npt —2, V2npt —1, - - >

where vy, 1 = gj_lyp)npj—l and Ugppi_o = gj_lz;)npj,l for 7 > 1, with vop,—1 =
y1,n. Collecting our earlier results and repeatedly applying the preceding theorem
gives the Hopf algebra structure of H, (QJ, (S?") ; Z/pZ) described in the following
theorem.

Theorem 1.9. If p' < k < p'™, then the Hopf algebra H, (QJy, (S**);Z/pZ) is
given by
H. (QJi (5*");Z/pZ)

= TP w1} U {tamps o Hoa {21t} U 21}
t—1 ) )
U U ({u;npiﬂ—z ’ gizl/cﬁ-l,np" }izo U {u%np”l—? ' giczkm +1)p,npt }izo0
kﬁéif(l)(P)

J =0 R J =1 .
U {uznpi+1_2 "9 W(kiy1+2)p,npt bizo U {u2npi+1_2 9Ok pt1,npi }J20)>

modulo the relations
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[u2’n,pi—27u2npi/_2] = 07 1 S ) < i/ S t7 1
[’U/2npi_2,U2npi/_1] = 07 1 S 7 < i/ S t,
[’U2npi—17U2npi/_1] =0, 1<1< i <t, 3
Git1
I Fhua g iF iy = 2:
[’L}ani+1_1, inpi+1—1] = U(Qp) ’ i+1 ) 4
0, otherwise,
. 0<i<i <t ky#—1(p) or
[’1}2711)i+1—17.(7Z Zr a1 z"] =0, . . 5
wtlne 0<i<i' =t
[’Uani+1—17§iZ;gi+1)npi] = gibki-ﬁ-p—i-lmpia 0 S 1< ta k’L ?—é _1(p>a 6
[U2npi+1_1’gi C/(ki/+1+1)p7npi/] = 0) 0 < 1< 7:/ < ta k’i' ?é _1(p)a 7
[U2npi+l_17giczk‘i+1+1)p,npi] = giw(ki+1+2)p,npi7 0 S 1< t7 ki §é —1(p)7 8
[u%pm_z,gi'z,’cﬁl’npi,] =0, 0<i<i—1<tky#—1(p), 9
[u2npi+1—27gi+1z;gi+l+1)npi+l] = giw(ki+1+2)p,npi7 0<i<t, ki+1 5—'& _1(1?)7 10
[’U/ani+1_2,§'z c/(ki/+1+1)p,npi’] =0, 0<i <i<thky# —1(p), 11

Zhar, ik =p" and x = vyppe_y;
[van—1,2] = < 0, if k # pt or x one of the other 12

generators.

Proof. As a coalgebra this follows from repeated application of Theorem 1.8. Turn-
ing now to the algebra structure, we must reconstruct the multiplication in the
extension Ly — L1 — Lgp(2p,yp) and the extension L1 — Lo — Lgy(y1). By
Lemma 1.3 we have the relations [z, z] = 0 and [y,, ] = 0 for
v € Il (H. (UIY(k,n); Z/pZ) = gH. UK (k1. 7p); Z/pT)
— gH. (UL} (ky, np); Z/pZ)).

This accounts for relations (1), (2), (3), (5), (7), (9), and (11). Lemma 1.7 gives (8),
while (6) and (10) come from the definitions of by, 4,11 and wyy, , , +2). Relation (4)
comes from the fact that [y,,y,] = agp belongs to Iy except when 2p = (k; + 1)p,

in which case ag, = gz /u(2p) (after reduction modulo p). Finally the relation
[y1,2.,] = (1/2)[az, ym—1] together with the definition shows [y1,2] = 0 for any
homology class  except when k = p*, in which case [y1,ypt] = Z;ot 1 O

Corollary 1.10. Jj (52") is mod p elliptic if and only if k = qp* — 1 for some q
and t. O

For ease of notation, write s; for u((k; + 1)p). Our calculations also give the
Bockstein action described in the following theorem.

Theorem 1.11. Suppose p* < k < ptt+l.

ﬂ(’Uanj —1) = U2npi —2-
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For i such that k; £ —1(p)

_3 . . —i ./
ﬁ(g w(ki+1+2);07npi) = U2npit1—2* J C(k; 1 +1)p,npi-

For i such that i =1t or k; £ —1(p)
BG 21 p) =0 if§<i—q
pl—o (gizl/gi—l-l,npi) =(-1)"" 8800 .. 8q+1§i_q0§cq+1+1,npq
where ¢ = max{o | 0 <i and k, £ —1(p)}, and
BO(G2h 1) =0 for all j

if there does not exist o < i such that ke # —1(p).

For i such that k; £ —1(p)

B(G" Ok, 4pt1,mpi) = Uanpi—2° §' 24, 41,00 — Vonpi+i 1 B0 24, 1,00 )-

Proof. Since dg = gd on K1, the formulas for 3(vapnpi 1) and B(g w(k,, , +2)pnpi) are
immediate. However d does not commute with § (until after reduction modulo p)
on z;, ., and by, ypr1, so we must do the calculation directly on those elements.
The definition, (9), gives for 0 < j <i—gq,
~j —j—1 —j—1
AG° 2}, 41 i = 519" Al 1) pinpt — PSIAGT T 21 1 i
= 5"l s 1ypnpi-1 — PSiSi—14F7 2l 1y npi-2
+ p?sisi_1dg? 2z,

i—2+1,npi—2

j—1
t.t —g—1—t 7
= (—1) P SiSi—1""" si_tdgj a(ki7t+1)p’npi—t—1

ﬁ
i
=

_1Vple. g 1eaig. / o
+ (1) si8i-1 Si—j+1%),_; npi-i

and
i—q—1

45" T2} 1 e = (—1)'p'sisi—1 -~ si—¢dg

Q

i—q—1—t 1/ )
(ki +1)p,npi—t=1-

ﬁ
i
=

Since

gi—1-t 1/ _ == 1—t g 1
dg Qi+ 1)pnpi—t—1t = 9 da(kifﬁl)p,np"*“l

. §d2’,’c i—t
_ —j—1—t / i—t+1,np
=g (pc(kiﬁ-l)p,npitl + S,
1—t
by (8), and
/ 3 o .
0! I KT — if i <m < gq;
km+1,np™ — . .

0, if m=1orm=gq,
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the sum telescopes to give

iy 0, ifj<i—q
g 2y, 41,npi = 1)i—a—1g.¢. i—q./ if j=1
(-1) $iSi-1 - Sqr1P"  C yiypapsy KT =1 ¢

The final formula follows from the definition of by, 4,11 npi as [yp, |

o
np*y Zk.;—‘—l,npi]'

Notice that the preceding theorem shows that there are some cases in which there
is higher p-torsion in H, (QJ (52")), something which does not happen in the lim-
iting case H., (QJ (52")). Since ’P,}u%pj_g = —ugnpj,l_Q in H, (QJ (52") ;Z/pZ),
[see CMLY, this relation also holds in H, (Q.J (52") ; Z/pZ) for p’ < k. The small-
est 7 such that giz,’wrl)npi represents a homology class (i.e. max{j | k, = —1(p) for

all o < j}) corresponds to the generator of Ha,(11)—2 (2Jk (5%") ; Q).

2. PRODUCT DECOMPOSITIONS AND EXPONENTS

In this section we will produce product decompositions of Q2.Jj (52") for k < p%—
p and use it to obtain homotopy exponents for these spaces. The first appearance
of a non-trivial Steenrod operation P! is in QJ,2_, (5**) where P} (92),,) =
—(u2np—2)P. The techniques of this paper are not sufficient to handle that situation.

For p < k < p? — p we shall obtain a decomposition of the form
QJj (S7) = Fa(n) x Q82+ x Q\/ (Moore spaces)

where Fy(n) is a space whose homology is SZ/PZ (Von—1, U2np—2, Vanp—1) Which was
introduced in [S2]. Because of the non-trivial Steenrod operations it is clear that a
decomposition of Q.J; (S?") must involve other types of spaces when k > p* — p.

It is well known and easy to check that Q.J (52") = §2n=1 x Q§2nk+D -1 for
k<p—1,and QJ,4 (5’2") is easily seen to be atomic, although it is known to
have an exponent from Toda’s fibrations. We shall therefore concentrate on the
cases p < k < p? — p. Throughout this section, all homology will be assumed to be
with Z/pZ coefficients unless stated otherwise.

From section 1 we have

H* (QJk (S2n)) == SZ/pZ <U2n—1; U2np—2, Uan—1> ® TZ/pZ<B>

where
{2+ Zhr1 1520 Uty o gy 4 1)p )20
B Uty Wit +2)p} 520 U {0+ betpr1 520 U {02k, 11.mp )
if k # —1(p)
{92k, 41,mp > if k= —1(p).

Since k < p? — p it follows that k; < p — 1, so the « in the definition of w(k1+2)p
is 0 and thus w, 12), = tznp—2 - Ay, 41y, If k# —1(p), then gz 1y .\, = afy, 1),
while if k = —1(p), then gz; ., ., = u((k1 +1)p)a] gy 41)p — PZjqr- Thus

{Uan 2" Zpy1tiz0 U {Uan 2 C(k1+1 }i>o
B = U{u2np 2 a(k1+1 }izo U {U2np 2 bhypritj>o, if k# —1(p);
Qe 1, if k= —1(p)

where we have used dy, +1 to denote u((k1 + 1)p)aly, 11y, = PZhi1-
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Our immediate goal is to recall the definition of Fy(n), obtain additional prop-
erties of it and related spaces, and show that it is a retract of QJj (52") for
p<k<p’—p
Lemma 2.1. For each k, there exists a map Ty : QJg (SQ") — Q&2+ =1 yhich

is onto on homology.

Proof. This is well known, and there are several possible constructions [Gr], [MN].
One construction, following Toda [T], makes use of the co-action map Ji, (S?") —
Ji (527) V.S as follows. In general, Q(X VYY) ~ QX x QY x Q(QX xQY). Define
Ty to be the composite,
QJk (S77) — Q (J), (527) v ) T2 Q () (S77) = QS%F)
~ Q(SQJ (S7) AQSPH) — Q (g (577) A S — QE2rEmL, (927)
k
~Q \/San—1+2nj N QSan—1+2n _ QSQn(k—i-l)—l' 0

Jj=1

We refer to such a map as a Toda-Hopf invariant map.
As in [S2], we write K for the 2np — 2-skeleton of QJ,_1 (S?"). The following
properties of K are shown in [S2].

Lemma 2.2.
1) 2K & §2ntly §2np,
) IKANK =~ §idn—1\, §2np+2n—2\, §2np+2n—2\, ginp—3 0

For 0 < k < plet X;(n) denote the homotopy-fibre of the inclusion Jj (52") —
Jp—1 (52"). From the Serre or Eilenberg-Moore spectral sequence we get

Proposition 2.3.

. Aboprs1y—1) @ D(tionp—2), ifk<p—1;
o (Xk(n)>:{0( 2n(k+1) 1) ( 2np 2) Z;k_z_l

where A(b) and T'(@) denote respectively the exterior algebra on b and the divided
polynomial algebra on . O

Theorem 2.4. For1 <k <p—1,XX;(n)~ \/Sq(Q"p_Q)H\/ \/S’q(2”p_2)+2”(k+1),

q=1 q=0

Proof. The theorem is equivalent to the statement that the Hurewicz homomor-
phism A : 7, (XX (n)) — Hi (XXk(n)) is surjective. For e = 0 or 1, and ¢ > 0, let
gq,e denote the composite

K9 % (5271(}%-&-1)—1)E Q. (S2n) % Xk(n) L’Xk(n)7

where p is the action of the fibre on the total space in the principal fibration induced
from the fibration defining Xy (n). The commutative diagram
QJp_l (Szn) X QJp_l (SQn) — QJp_l (SQn)

!

QJp—1 (52) x Xi(n) 5 Xi(n)
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shows that g, 0, is an isomorphism on Hg(z,,p—2)( ). The commutativity of p. with
the coproduct then shows that g4 1, is an isomorphism on Hq(an_Q)Hn(kH)_l( ).
Since ¥(X xY) 2 XX VXY VIX AY, the suspensions of the gi.’s can be
used in conjuction with the splittings of Lemma 2.2 to produce maps from spheres
exhibiting each element of H, (X¥Xx(n)) above degree 2np — 1 as an image under
the Hurewicz homomorphism. Write B/A for the homotopy-theoretic cofibre of
A — B. Let j: $*"72 — QJ,_1 (S%") /52"~ be a generator of the least non-
vanishing homotopy group of that space. Let ¢ : QJ,_1 (52") /QJi (52") — Xi(n)
be induced from the fibration sequence Q.J; (52") — Q.J,_1 (S*") — Xy (n). Then
the composite

S2np—2 _7) QJp—l (SQn) /SQn—l N QJp—l (S2n) /QJk (S2n) L) Xk(n)

induces an isomorphism on Happ—o( ), and so the the Hurewicz homomorphism
is onto in this degree. Finally, the Hurewicz map is an isomorphism in the least
non-vanishing degree, 2n(k + 1) — 1, of Xy(n). |

Remark. In the case Xo(n) = QJp_1 (5’2") the map ¢ does not exist and the

above argument gives only the well-known XQ.J,_; (5’2") ~YXKV \/ Sa2np=2)+1y
q=2

\/S’q(2"p_2)+2"p as in [S2].

g=1
Corollary 2.5. For 1 <k<p-—1, Xi(n) =~ G2n(k+1)~-1 « G2np—1

Proof. Using adjoints of maps coming from the preceding wedge decomposition, we
get maps Xy (n) — Q527! and X, — QS+ x5 §2n(k+1)—1 5 gan(kt+1)—1 _,
§2n(k+1)=1 which are onto on homology. Together they give a map Xi(n) —
§2n(k+1)=1 5 0,627P=1 wwhich induces a homology isomorphism and thus is a homo-
topy equivalence. O

For degree reasons, the restriction to Jg,e_1 (S*") of the p’ th Hopf invariant map
H : J(52") — J(52"") lands in J,_1(52""), the 2np'(q — 1)-skeleton of J(S?"#").
Note that in the notation of section 1, if kg = gp — 1, then k; = ¢ — 1. The map
H : Jgpo1 (S*) — J4-1(5*") induces the map h : Ks(ko,n) — Ki(k1,np) of
section 1.

Theorem 2.6. Jyi_; (S?") — Jge_1 (S*) A, q_l(SQ”pt) is a fibration se-
quence up to homotopy.

Proof. The proof is the same as that of the existence of Toda’s homotopy-fibration
Jp—1 (5*") — J(S?") — J (52"7). Toda’s calculation [T] shows that H induces
an isomorphism on Z,)-cohomology in degrees 2njp’ and consequently exhibits
H* (Jgpt—1 (S?"); Z(p)) as a free module over H* (Jq_l(SQ”pt); Z(p)) with a basis
for H* (th_l (52") ;Z(p)) as basis. The Serre or Eilenberg-Moore spectral sequence
thus shows that the homology of the homotopy-fibre of H is isomorphic to that of
Jpt—1 (S?™). The composite Jye_1 (S27) — Jgpe—1 (S27) — J—1(S?"") is trivial
for degree reasons and so yields a map from Jye_; (52") to the homotopy-fibre of H
which induces the homology isomorphism above. O
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These Hopf invariant maps are compatible in the sense that if ¢ < ¢/, then

Japt—1 (S2n) —  Jypra (S2n)
| |
Jq_l(SQHpt) E— Jq/_l(Sant)
commutes, and the preceding theorem shows that this square is a homotopy-
theoretic pullback. In particular, the homotopy-fibre of Jg,—1 (S’ 2") — Jp2_q (S’ 2")
is Xy—1(np), the same as that of J,_1(S?"?) — J,_1(S*"P).
For 1 < g < p, let j, denote the composite S?"P4~1 — X, _1(np) — Jyp—1 (52").
In particular, j; is the composite S?"P~1 — Q.J, ;52" 4, Jp—1 (5*™) where the
second map is induced from the fibration J,_1 (52") — Jp2_1 (S%") — Jp—1(S?"P).

Lemma 2.7.

1) For 1 < q < p, jq is the attaching map by means of which Jg, (SQ") s con-
structed from Jop—1 (S?"). In other words, S>"P1=1 2% . 1 (827) — J,, (S%7)
is a coftbration sequence up to homotopy.

2) For 2 < g < p, Qj, induces an injection on H.( ).

Proof. 1) Given a fibration F — E — B, Ganea [Ga] shows that the homotopy-
fibre of the induced map E/F — B is F+QB. The homotopy fibration X,_1(np) —
Jgp—1 (52") — Jp2_q (5’2") thus yields a homotopy fibration

Xg—1(np) = QJp2_4 (Szn) — Jap-1 (Szn) [ Xg-1(np) — Jp2_q (SQn)

which shows that Jg,—1 (S*") /Xg-1(np) — Jp2—1 (S?") is more than 2npg-
connected. Since S*"P4~1 — X, ;(np) is also more than 2npg-connected, the
composite

Jqp—l (51277,) /SQHP‘Z—l — Jgp—1 (51277.) /Xq—l(np> N Jp2—1 (SQn)

is 2npg-connected, and so the homotopy cofibre of j;, is Jp, (S’ 2"), the 2npg-skeleton
of Jpz_l (5’277,)

2) Looping before applying Ganea shows by the above argument that the com-
posite

QJgp—1 (577) Q8?71 — Qg1 () /X g—1(np) — QJp2_q (57)
is 2npg-connected. Since ¢ > 1, we know
H, (QJqp—l (SQn)) = SZ/pZ@Qn—l,u2np—2vv2np—1> ® TZ/pZ<&qp>a
where |Ggp| = 2npg — 2. However
H, (QJ,2_q (5*)) = SZ/PE (Vg 1, Uanp—25 Vanp—1, Upp2—2)

so this map can be 2npq connected only if €j,, is an injection in degree 2npg — 2.
Since it is multiplicative, this means that it is an injection in all degrees. O

The space Fy(n) was defined in [S2] as the homotopy-theoretic pullback of the
maps QH : QJ(S?") — QJ(S?"P) and E? : §2"P~1 — Q252+l ~ . (S?7P). Since
each of these maps is an H-map, this description makes it clear that Fy(n) is an
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H-space. The diagram

Fy(n) — Qe (S*) — QI (S

QH
San—l -5 0 (Jp_lSan) _ QO (Js2np)
o J{B
Jp—l (S2n) — Jp—l (SQn) — Jp—l (SQn)
in which the top squares are homotopy-theoretic pullbacks and the columns are
fibrations up to homotopy shows that Fy(n) is also the homotopy fibre of the
composite S2"P~ — Q) (J,_15%P) 2, »—1 (S?") which was earlier identified as
j1, the attaching map for the formation of J, (S?").
The diagram of homotopy fibrations

F(n) == QJ, (5%

§e=l s PJ,

SQn)

Y

Jp—l (SQn) . Jp (SQn)

produces an induced map s, between the homotopy fibres. Although the homotopy
class of s, is not uniquely determined by the diagram (but depends on exactly how
the homotopy commutative diagram is realized as a strictly commuting diagram of
fibrations), any choice of s, makes the diagram

QT (877)  —  QJ, (S27)
|2
Fy(n) o QJ, (877

homotopy commute and so induces an isomorphism on Ha,—1( ) and Happ—2( ).
For k > p let s, denote the composite Fi(n) — QJ, (S*) — QJ; (5%"). We will
construct a left homotopy inverse to s; for p < k < p? — p by producing a left
homotopy inverse to sp2_,_1.

Lemma 2.8.
1) For 1 < g < p the homotopy fibre of jq : S*"P1=1 — Jy,_q (S?") is Fa(n).
2) Forp <k <p*—p, sp: Fo(n) — QJy (5*) has a left homotopy inverse ry,.

Proof. 1) We have already shown this for ¢ = 1, so suppose ¢ > 1. Let F' be homo-
topy fibre of j,. We know that H, (QJg,—1 (S*")) = H. (Fz2(n)) ® H, (Q52"4~1)
and that €}j, induces an injection on homology. From this we can calculate that
H.(F) equals H, (Fy(n)). The composite Fy(n) = 0., 1 (S52m) 2, F induces an
isomorphism on homology in degrees 2n — 1 and 2np — 2 and so is a homotopy
equivalence by the “atomicity” style lemma which follows.
2) In part 1 this was shown for integers of the form gp — 1 where 2 < ¢ < p, and
so in particular for p> — p — 1. Therefore for all k the composite
QT (S2) = Qg (S77) 2222 Fy(n)

—p—1

is a left homotopy inverse to sg. O
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Lemma 2.9. Suppose that F' and G are simply connected spaces such that H,(F) =
H.(G) = H, (F»(n)) as co-algebras. Let f : F — G be a map which induces an
isomorphism on homology in degrees 2n — 1 and 2np — 2. Then f is a homotopy
equivalence.

Proof. Write a, u, and v for the algebra generators of H, (Fz2(n)) in degrees 2n — 1,
2np—2 and 2np—1 respectively. Commutativity of f, with the coproduct shows that
the least degree in which f, fails to be an isomorphism must contain a primitive.
PH, (Fy(n)) = <a,v,u,u”, Pt > By hypothesis, fi(a) # 0 and f.(u) # 0.
Commutativity with the Bockstein shows that f.(v) # 0. Suppose by induction
that f.(uP") # 0 for m < k. Then commutativity of f, with the coproduct shows
that f*(upkv) # 0 since there are no primitives in its degree. Applying ( then
shows that f. (upkﬂ) # 0 to complete the induction. Thus f, is an injection on
primitives and so is an isomorphism. Therefore f is a homotopy equivalence. [

The final thing we need in order to produce our homotopy decomposition of
QJj, (S?") for p < k < p* — p is to show that certain elements in H, (QJ (S%"))
are in the image of the mod p Hurewicz homomorphism.

Lemma 2.10. Suppose k > p and let u denote the generator of H, (QJk (5’2"))
in degree 2np — 2. If x € H, (QJk (52")) lies in the image of the mod p Hurewicz
homomorphism, then so does [u, z].

Proof. Let [, ]: QJg (52")/\QJk (5’2") — QJy (5’2") be the Samelson product. Let
i be the composite K — QJ,_4 (52") — QJg (5’2"). Suppose = € H, (QJk (5’2"))
is the Hurewicz image of f : PY(p) — Ji (5*"). Then [u,z] lies in the image
of the map induced on homology by the composite K A PN (p) AW A (S%™) A
QJy, (%) Ll QJy, (S*"). However by Lemma 2.2, K A PV (p) = PNT2n=1(p) v
PN+2=2(p) "and so [u, 7] lies in the image of the mod p Hurewicz homomorphism.

O

Theorem 2.11. For k such that p < k < p®—p and k # —1(p), the elements z_,
gy +1)pr 0 by iy of H (QJy (S2™)) lie in the image of the mod p Hurewicz
homomorphism.

Proof. Write simply z, a, and b for 2, a’(kl+1)p, and by, ., respectively. Let
G be the homotopy fibre of 7, : QJ; (S*") — Fy(n). z is the Hurewicz image of

the composite P2"(*+1) (p) — §2n(k+1) 2, G — Q.J; (S?"), where j is a generator
of the least nonvanishing homotopy group of G. This composite will henceforth
be written as 7. Let G’ be the homotopy-theoretic fibre of the composite G —
QJy, (%) L, 0§20+ D=1 There is a map P?"P4=2(p) — G’ which on homology
hits the two least nonvanishing degrees of H,(G’). The Hurewicz image of the
composite P2"P172(p) — G’ — G — QJ, (S*") is a. Finally, writing L for the
2np — 1 skeleton of Fy(n), we have from [S2] that X2L ~ S?n+1 v p2nr+l(p). Since

b lies in the image of the map induced on homology by the composite P2**+1) A

L A0, QJi () A QJ (57) HEDN QJj (S*"), the wedge decomposition of 2L

shows that b lies in the image of the mod p Hurewicz homomorphism. O
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Similarly,

Theorem 2.12. For k such that p < k < p* —p and k = —1(p), the element 11
lies in the image of the mod p Hurewicz homomorphism.’ O

Theorem 2.13. For k = qp + 1 such that p < k < p* —p and k £ —1(p)

Oy (S) ~ Fy(n)

% Q) SQn(k+1)—1 V. \/PQn(q+l)p+j(2np—2)—1(p> V. \/P2n(k+p+1)+j(2np—2)—2(p>
j=0 Jj=0

Proof. By Theorem 2.11 and Lemma 2.10, we can find maps S2"+1D)-2 _,
QJ,, (5271)7 P2n(q+1)p+_7(2np—2)—1(p) — QJx (S2n)7 and P2n(k:+p+1)+j(2np—2)—2(p)
— QJj, (S*") whose Hurewicz images are z, ad®(u)(a), and ad*(u)(b) respectively.
Since QJj (52") is an H-space, these maps yield a map

b 0 SQn(k:-i—l)—l vV \/ P2n(q+1)p+_i(2np—2)—l(p) vV \/P2n(k:+p+1)+j(2np—2)—2(p)
=0 =0

— QJ, (52")

by the universal property of the James construction. By construction the composite

FQ(n) x 0 SQn(k-i—l)—l Vv \/P2n(q+1)p+j(2np_2)_1(p)

§=0
\/\/p2n(k+p+1)+j(2np—2)—2(p)
§=0
S0 (S77) x QU (S27) — Q) (527)
induces a homology isomorphism and is thus a homotopy equivalence. |

Similarly
Theorem 2.14. For k such that p < k < p?> —p and k = —1(p)
QJj, (8%") ~ Fy(n) x Q82 F+D=1 O
Applying the Hilton-Milnor theorem and the main theorems of [CMN3] and [N3]
gives

Corollary. Jy (52") has a homotopy exponent for k < p* — p. O
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