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HOMOLOGY AND SOME HOMOTOPY DECOMPOSITIONS

FOR THE JAMES FILTRATION ON SPHERES

PAUL SELICK

Abstract. The filtrations on the James construction on spheres, Jk
(
S2n

)
,

have played a major role in the study of the double suspension S2n−1 →
Ω2S2n+1 and have been used to get information about the homotopy groups of
spheres and Moore spaces and to construct product decompositions of related
spaces. In this paper we calculate H∗

(
ΩJk

(
S2n

)
;Z/pZ

)
for odd primes p.

When k has the form pt−1, the result is well known, but these are exceptional
cases in which the homology has polynomial growth. We find that in gen-
eral the homology has exponential growth and in some cases also has higher
p-torsion. The calculations are applied to construct a p-local product decom-
position of ΩJk

(
S2n

)
for k < p2 − p which demonstrates a mod p homotopy

exponent in these cases.

0. Introduction

One of the major problems in homotopy theory is to determine the properties of
spaces of the form ΩX , where X is a simply connected finite complex. A dichotomy
in the rational homotopy of such spaces has been observed by Felix, Halperin, and
Thomas [FHT], who showed that for such X , either πn(X) ⊗ Q is 0 for all suf-
ficiently large n or else its dimensions grow exponentially with n. Expressed in
terms of homology rather than homotopy groups, this translates to saying that
either dimHn(ΩX ;Q) has polynomial growth or it has exponential growth. They
introduced the terminology “elliptic” for the first type of space and “hyperbolic”
for the second. Independently, John Moore observed that this distinction between
elliptic and hyperbolic appears to be reflected in the properties of the torsion ho-
motopy groups of the space as well. He conjectured that an elliptic complex should
have a homotopy exponent for each prime while a hyperbolic complex should not
have a homotopy exponent for any prime (cf. [S3]). That is, given a prime p, there
should exist an r such that pr

(
p-torsion πn(X)

)
= 0 for all n if and only if X is

elliptic. Given a prime p, spaces can be further differentiated according to whether
or not the mod-p homology of their loop space has polynomial growth or not. We
say that X is mod-p elliptic if Hn (ΩX ;Z/pZ) has polynomial growth and mod-p
hyperbolic otherwise. It is not known whether the mod-p homology of mod-p hy-
perbolic spaces must have exponential growth. Of course if X is hyperbolic, then it
is mod p hyberbolic for each prime p, but an elliptic space may be mod p hyperbolic
as illustrated by the mod p Moore space Sk−1 ∪p ek which we will write as P k(p).
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The Moore conjecture has been verified for only a handful of spaces, and with
the exception of the Moore space P k(p) all of the elliptic spaces for which it has
been verified for a given prime p are also mod-p elliptic at that prime. One of the
purposes of this paper is to demonstrate a mod p homotopy exponent for certain
elliptic spaces, many of which are mod-p hyperbolic.

Let Jk(X) denote the k-th filtration of the James construction, J(X), on X ,
where X is a pointed topological space with basepoint ∗. Explicitly, Jk(X) =
Xk/ ∼, where

(x1, . . . , xj−1, ∗, xj , xj+1, . . . , xk−1) ∼ (x1, . . . , xj−1, xj , ∗, xj+1, . . . , xk−1).

Theorem (James). If X is a connected CW complex, then
1) J(X) ≈ ΩΣX;

2) ΣJk(X) ≈
k∨
j=0

ΣX(j).

The spaces Jk
(
S2n

)
have played a major role in the study of the double suspen-

sion map E2 : S2n−1 → Ω2S2n+1 and in determination of properties of homotopy
groups of spheres and Moore spaces including construction of product decomposi-
tions of related spaces. After localization at a prime p the most tractible of these
spaces are those for k of the form pt−1. Many properties of these spaces are known,
including the fact that ΩJpt−1

(
S2n

)
has a mod-p homotopy exponent for t ≥ 0.

However these are exceptional cases which are mod p elliptic.
In the first section of this paper we will calculate the mod p homology of

ΩJk
(
S2n

)
for odd primes p. One of the interesting features of this homology is the

appearance of higher p-torsion in some cases. As we shall see, although Jk
(
S2n

)
is

elliptic for all k, for each prime p it is mod-p hyperbolic for “most” k. In section 2
we will obtain a homotopy decomposition of ΩJk

(
S2n

)
after localization at p in the

cases k < p2− p and use it to show that Jk
(
S2n

)
has a mod-p homotopy exponent

for such k. While analogous decompositions may exist for k ≥ p2 − p (and some
cases will be shown in a followup paper [S4]), the existence of non-trivial Steen-
rod operations (other than the Bockstein) precludes a decomposition of exactly the
same form.

Throughout the rest of this paper, let p be an odd prime. We will be working
exclusively with p-local spaces and will abuse notation by using X to mean X(p).

Our main decomposition theorem states

Theorem. For k such that p ≤ k < p2 − p and k 6≡ −1(p)

ΩJk
(
S2n

)
≈ F2(n)

×Ω

S2n(k+1)−1 ∨
∞∨
j=0

P 2n(q+1)p+j(2np−2)−1(p) ∨
∞∨
j=0

P 2n(k+p+1)+j(2np−2)−2(p)


where F2(n) is a mod-p elliptic space introduced in [S2] which is known to have a
homotopy exponent.

The cases where p ≤ k < p2 − p and k ≡ −1(p) are elliptic, and in these cases
we get the simpler result
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Theorem. For k such that p ≤ k < p2 − p and k ≡ −1(p)

ΩJk
(
S2n

)
≈ F2(n)× ΩS2n(k+1)−1.

1. Homology of ΩJk
(
S2n

)
In this section we calculate the mod-p homology of ΩJk

(
S2n

)
as a Hopf alge-

bra by means of H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
= H

(
A(k, n);Z/pZ

)
, where A(k, n) is an

Adams-Hilton model for Jk
(
S2n

)
.

For a graded set S, let T〈S〉, S〈S〉, L〈S〉 and Lab〈S〉 denote respectively the tensor
algebra, free abelian graded algebra, and the free and free abelian Lie algebras on S

with Z(p) coefficients, and let TZ/pZ〈S〉, SZ/pZ〈S〉, LZ/pZ〈S〉 and LZ/pZab 〈S〉 denote
their mod-p reductions. Let U denote the universal enveloping algebra functor.
Thus T〈S〉 = UL〈S〉 and S〈S〉 = ULab〈S〉.

The following lemmas are standard.

Lemma 1.1. Let A = L〈a1, a2, . . .〉. Let a′i = uiai + ci, where ui is a unit in
Z(p), |ci| = |ai|, and ci ∈ [A,A]. Then the induced Lie algebra homomorphism
L〈a′1, a′2, . . .〉 → A is an isomorphism. Similarly if B = L〈a1, b1, a2, b2, . . .〉 and
a′i = uiai + λibi + ci, where ui is a unit in Z(p), λi ∈ Z(p), |ci| = |ai|, and ci ∈
[A,A], then the induced Lie algebra homomorphism L〈a′1, b1, a′2, b2, . . .〉 → B is an
isomorphism.

Lemma 1.2. Let L〈S〉 be a differential Lie algebra (DGL) and let A = L〈S∪{a, b}〉
where da = b. Then the canonical inclusion L〈S〉 → A and surjection A → L〈S〉
induce inverse isomorphisms on homology.

It is well known (cf. [A]) that A(k, n) = UL0(k, n) where

L0(k, n) = L〈y1, y2, . . . , yk〉,

with |ym| = 2nm− 1 and

d(ym) = −1

2

m−1∑
i=1

(
m

i

)
[yi, ym−i].

In the notation for this and other Lie algebras which will be introduced, we will
omit k and n when there is no possibility of confusion. Conversely we might write
ym,n for additional clarity when more than one n is under consideration. Write
k = c0 + c1p+ c2p

2 + . . .+ ctp
t. Set k0 = k, k1 = (k0− c0)/p, k2 = (k1− c1)/p, . . . ,

kt = ct.
Let L1 denote the DGL kernel of the surjection L0 → Lab〈y1〉. Then

L1 = L〈z2, y2, z3, y3, . . . , zk, yk, zk+1〉,

where zm = [y1, ym−1]. For degree reasons the algebraic Serre spectral sequence
for the short exact sequence of differential Hopf algebras UL1 → UL0 → ULab〈y1〉
collapses to give

H∗ (UL0) ∼= H∗ (UL1)⊗H∗ (ULab〈y1〉)
∼= H∗ (UL1)⊗ S〈y1〉

as coalgebras.
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We wish to change basis for L1, using Lemma 1.1, so as to be able to pair off
some generators under d and be able to apply Lemma 1.2.

Let νp(m) or simply ν(m) denote the largest integer such that pνp(m) divides m.

For m ≤ k let z′m be 1/pν(m) times the sum of those terms in the defining expression
for dym indexed by integers j such that j and m− j are not both divisible by p.

Explicitly,

z′m = −1

2

m−1∑
j=1,

j 6≡0(p) or m−j 6≡0(p)

1

pν(m)

(
m

j

)
[yj , ym−j ].

Thus

z′m = − m

pν(m)
zm −

1

2

m−2∑
j=2,

j 6≡0(p) or m−j 6≡0(p)

1

pν(m)

(
m

j

)
[yj , ym−j]

= − m

pν(m)
zm + [L1, L1],

(1)

where here (and elsewhere) x+[A,B] is used to indicate an element congruent to x
modulo the subspace generated by {[a, b] | a ∈ A, b ∈ B}.

Although there is no yk+1 in L1(k, n), the above expression for z′m does make
sense when m = k + 1, so we use it to extend the definition of z′m to the case
m = k + 1. Since m/pν(m) is a unit in Z(p), we can use Lemma 1.1 to change basis
and write

L1 = L〈z′2, y2, z
′
3, y3, . . . , z

′
k, yk, z

′
k+1〉.

If m 6≡ 0(p), then all terms in the expression for dym are terms in z′m and so
dym = z′m in this case. Notice also that dyp = pz′p. Let

L′1 = L〈z′p, yp, z′2p, y2p, . . . , z
′
k1p, yk1p, z

′
k+1〉.

The above definitions imply that L′1 is closed under the differential and Lemma 1.2
shows that the inclusion of DGL’s L′1 ↪→ L1 induces an isomorphism on homology.
Let

K1 = L〈z′p, yp, z′2p, y2p, . . . , z
′
k1p, yk1p〉.

K1 is a sub-Lie algebra of L′1.
If k < p, then L′1 = L〈z′k+1〉 and soH∗

(
ΩJk

(
S2n

))
is given by H∗

(
ΩJk

(
S2n

))
=

S〈y1, z
′
k+1〉. We now suppose that k ≥ p. Let L2 denote the DGL kernel of the

surjection L′1 → Lab〈z′p, yp〉. L2 becomes a ULab〈z′p, yp〉-module under the action
induced by v · w = [v, w] for v ∈ Lab〈z′p, yp〉, w ∈ L2. Set am = [yp, ym−p] and
bm = [yp, z

′
m−p]. Then L2 = L〈B2〉, where B2 is a basis for the free ULab〈z′p〉-

module on

{b2p, a2p, z
′
2p, y2p, b3p, a3p, z

′
3p, y3p, . . . bk1p, ak1p,

z′k1p, yk1p, z
′
k+1, b(k1+1)p, a(k1+1)p, bk+p+1}.
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After reduction modulo p the algebraic Serre spectral sequence again collapses to
give the coalgebra decomposition

H∗ (UL1;Z/pZ) ∼= H∗ (UL2;Z/pZ)⊗ SZ/pZ〈z′p, yp〉

so that

H∗
(
ΩJk

(
S2n

)
;Z/pZ

) ∼= H∗ (UL2;Z/pZ)⊗ SZ/pZ〈y1, z
′
p, yp〉

as coalgebras.
Our next goal is to rechoose our generators of L2 in such a way as to pair off

more generators under d and again apply Lemma 1.2 to produce a sub-Lie algebra
L′2 with L′2 ↪→ L2 inducing an isomorphism on homology. We will then show how
to relate the homology of L′2 to that of L′1(k1, np), thus obtaining the homology of
L′2 in a recursive sense.

For q such that q ≤ k and m divisible by p let a′q be 1/pν(q)−1 times the sum
of those terms indexed in the defining expression for dyq by integers j such that j
and q − j are not both divisible by p2. Explicitly,

a′mp =− 1

2

mp−1∑
j=1,
j 6≡0(p)

1

pν(mp)−1

(
mp

j

)
[yj , ymp−j]

− 1

2

m−1∑
j=1,

j 6≡0(p) or m−j 6≡0(p)

1

pν(mp)−1

(
mp

jp

)
[yjp, ymp−jp].

Thus

a′mp = pz′mp −
1

pν(mp)−1

(
mp

p

)
amp

− 1

2

m−2∑
j=2,

j 6≡0(p) or m−j 6≡0(p)

1

pν(m)−1

(
mp

jp

)
[yjp, ym−jp](2)

= pz′mp −
1

pν(mp)−1

(
mp

p

)
amp + [L2, L2].

Note that
(
1/pν(mp)−1

) (
mp
p

)
is a unit modulo p and that if m 6≡ 0(p), then the

definition implies that dymp = a′mp.
Differentiating

dymp = pν(mp)z′mp −
1

2

m−1∑
i=1

(
mp

ip

)
[yip, ymp−ip]
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yields

dz′mp =
1

2pν(mp)

m−1∑
i=1

(
mp

ip

)
d[yip, ymp−ip]

=
1

pν(mp)

(
mp

p

)
d[yp, ymp−p] +

1

2pν(mp)

m−2∑
i=2

(
mp

ip

)
d[yip, ymp−ip]

= − 1

pν(mp)

(
mp

p

)(
[pz′p, ymp−p]− [yp, dymp−p]

)
+ [L2, L2]

=
1

pν(mp)

(
mp

p

)
[yp, dymp−p]−

p

pν(mp)

(
mp

p

)
[z′p, ymp−p] + [L2, L2].

Using the fact that L2 is a ULab〈z′p, yp〉-module, or directly from the Jacobi identity

we see that
[
yp, [L2, L2]

]
⊂ [L2, L2], and so

[
yp, [yip, yjp]

]
belongs to [L2, L2] for all

i and j. Thus

[yp, dymp−p] = [yp, p
ν(mp−p)z′mp−p] + [L2, L2] = pν(mp−p)bmp + [L2, L2].

Therefore

dz′mp =
pν(mp−p)

pν(mp)

(
mp

p

)
bmp −

p

pν(mp)

(
mp

p

)
[z′p, ymp−p] + [L2, L2].(3)

Notice that if m 6≡ 1(p), then
(
pν(mp−p)/pν(mp)

) (
mp
p

)
=
(
p/pν(mp)

) (
mp
p

)
is a unit

modulo p.
Turning now to the case m ≡ 1(p), write m = qp+ 1. From (3),

dz′qp2+p =
pν(qp2)

pν(qp2+p)

(
qp2 + p

p

)
bqp2+p −

p

pν(qp2+p)

(
qp2 + p

p

)
[z′p, yqp2 ] + [L2, L2]

=
pν(qp2)

p

(
qp2 + p

p

)
bqp2+p −

(
qp2 + p

p

)
[z′p, yqp2 ] + [L2, L2].(4)

Note that
(
qp2+p
p

)
is a unit modulo p. Our intention is to use these formulas to

justify replacing the generators (z′p)
j · bmp by d

(
(z′p)

j · dz′mp
)

for m 6≡ 1(p) and

j ≥ 0 and replacing (z′p)
j · yqp2 by d

(
(z′p)

j−1 · z′qp2+p

)
, for j ≥ 1.

Also,

dbqp2+p = d[yp, z
′
qp2 ]

= [pz′p, z
′
qp2 ]− [yp, dz

′
qp2 ]

= p[z′p, z
′
qp2 ]−

[
yp,

pν(qp2−p)

pν(qp2)

(
qp2

p

)
bqp2 − p

pν(qp2)

(
qp2

p

)
[z′p, yqp2−p]

]
+ [L2, L2]

using the earlier expression for dz′qp2 and the fact that
[
yp, [L2, L2]

]
⊂ [L2, L2]. The

Jacobi identity gives [yp, bqp2 ] =
[
yp, [yp, z

′
qp2−p]

]
= (1/2)[a2p, z

′
qp2−p] ∈ [L2, L2].

Similarly
[
yp, [z

′
p, yqp2−p]

]
= [z′p, aqp2 ] + [L2, L2]. Therefore

dbqp2+p = p[z′p, z
′
qp2 ]− p

pν(qp2)

(
qp2

p

)
[z′p, aqp2 ] + [L2, L2].(5)
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Noting that
(
p/pν(qp2)

) (
qp2

p

)
is a unit modulo p, we shall use this formula to replace

(z′p)
j · aqp2 by d

(
(z′p)

j−1 · bqp2+p

)
for j ≥ 1.

Combining (1)–(5) gives

L2 = L〈a′p2 , yp2 , a′2p2 , y2p2 , . . . , a′k2p2 , yk2p2 ∪ C2 ∪D2〉

where C2 is a basis for the free ULab〈z′p〉-module on{
{dymp, ymp}2≤m≤k1,m6≡0(p) ∪ {dz′mp, z′mp}2≤m≤k1 ∪ {dbqp2+p, bqp2+p}1≤q≤k2

}
and D2 is a basis for the free ULab〈z′p〉-module on{

z′k+1, c(k1+1)p, a(k1+1)p, bk+p+1

}
with

c(k1+1)p =

{
b(k1+1)p, if k1 6≡ 0(p);

z′p · yk1p, if k1 ≡ 0(p).

Let

K2 = L〈a′p2 , yp2 , a′2p2 , y2p2 , . . . a′k2p2 , yk2p2〉,
and let I2 be the Lie ideal of L2 generated by C2.

Lemma 1.3.
1)[yp,K2] ⊂ I2.
2)[z′p,K2] ⊂ I2.

Proof. 1) Examination of (2) shows that the terms appearing in that formula as
[L2, L2] always lie in I2 and in fact lie in [I2, I2] when m ≡ 0(p). The Jacobi identity
implies that

[
yp, [I2, I2]

]
⊂ I2 and so

≡
[
yp, pz

′
qp2 −

1

pν(qp2)−1

(
qp2

p

)
aqp2

]
= p[bqp2+p]−

1

pν(qp2)−1

(
qp2

p

)[
yp, [yp, yqp2−p]

]
≡ 1

2pν(qp2)−1

(
qp2

p

)
[yqp2−p, a2p]

≡ 0 mod I2.

Also (
qp2 + p

p

)
[yp, yqp2 ] =

(
qp2 + p

p

)
aqp2+p

≡ −a′qp2+p + pz′qp2+p

≡ −dyqp2+p + pz′qp2+p

≡ 0 mod I2

and so [yp, yqp2 ] ∈ I2.
2) Let x belong to K2. Since I2 is a differential ideal (dI2 ⊂ I2) and [yp, x] ∈ I2

by (1), differentiating gives p[z′p, x] − [yp, dx] ∈ I2. Since [yp, dx] ∈ [yp,K2] ⊂ I2,
this gives [z′p, x] ∈ I2.
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Since I2 is acylic, the preceding lemma implies that the inclusions [yp,K2] ↪→ L2

and [zp,K2] ↪→ L2 induce the zero map on homology. The key step in the recursion
is showing that K2(k, n) ∼= K1(k1, np).

Write y#
m and z′

#
m for the generators ym,np and z′m,np of K1(k1, np). Let

u(m) =
m!(p!)m

(mp)!
.

The following lemma is easily checked.

Lemma 1.4.

a) u(m) is a unit modulo p for all m.
b)
(
mp
jp

)
u(m) =

(
m
j

)
u(j)u(m− j) for all j and m.

Insight into the definition of u(m) is as follows. Let H : ΩJ
(
S2n

)
→ ΩJ

(
S2np

)
denote the p th Hopf-invariant map. Toda [T] checked that for all m, H induces an
isomorphism on H2nm( ;Z(p)) by showing that it induces multiplication by 1/u(m)
in degree 2nm.

Define g : K1(k1, np) → K2(k, n) by g(y#
mp) = u(mp)ymp2 and g(z′

#
mp) =

u(mp)a′mp2 .

Theorem 1.5. g is an isomorphism of differential graded Lie algebras.

Proof. It is clear that g is an isomorphism of graded Lie algebras, but we must
check that g commutes with the differentials.

d#(y#
mp) = pν(mp)z′

#
mp −

1

2

m−1∑
j=1

(
mp

jp

)
[y#
jp, y

#
mp−jp](6)

and

d(ymp2) = pν(mp2)−1a′mp2 −
1

2

m−1∑
j=1

(
mp2

jp2

)
[yjp2 , ymp2−jp2 ]

= pν(mp)a′mp2 −
1

2

m−1∑
j=1

(
mp2

jp2

)
[yjp2 , ymp2−jp2 ].

(7)

Therefore

gd#(y#
mp) = pν(mp)g(z′

#
mp)−

1

2

m−1∑
j=1

(
mp

jp

)
[g(y#

jp), g(y#
mp−jp)]

= u(mp)pν(mp)a′mp2 −
1

2

m−1∑
j=1

u(jp)u
(
(m− j)p

)(mp
jp

)
[yjp2 , ymp2−jp2 ]

= u(mp)pν(mp)a′mp2 − u(mp)
1

2

m−1∑
j=1

(
mp2

jp2

)
[yjp2 , ymp2−jp2 ]

= u(mp)dymp2

= dg(y#
mp).
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Differentiating (6) and solving for d#(z′
#
mp) gives

pν(mp)d#(z′
#
mp) =

1

2

m−1∑
j=1

(
mp

jp

)
d#([y#

jp, y
#
mp−jp])

and (7) gives a similar expression for d(a′mp2). Therefore

pν(mp)gd#(z′
#
mp) =

1

2

m−1∑
j=1

(
mp

jp

)
gd#([y#

jp, y
#
mp−jp])

=
1

2

m−1∑
j=1

(
mp

jp

)
d#g([y#

jp, y
#
mp−jp])

=
1

2

m−1∑
j=1

(
mp

jp

)
u(jp)u

(
(m− j)p

)
d([yjp2 , ymp2−jp2 ])

=
1

2

m−1∑
j=1

(
mp2

jp2

)
u(mp)d([yjp2 , ymp2−jp2 ])

=u(mp)pν(mp)amp2

=pν(mp)dg(z′
#
mp)

where we have made use of the previously verified result that gd# = dg on y#
mp.

Therefore gd# = dg on all of the Lie algebra generators.

Remark. Although the situation is not exactly identical, this calculation is essen-
tially the same as that in [A, proof of Lemma 2.6b].

We continue choosing our new generators for L2. Let h = g−1 : K2(k, n) →
K1(k1, np). We next choose c′(k1+1)p and a′(k1+1)p to replace c(k1+1)p and a(k1+1)p

and extend the domain of h : K2(k, n)→ K1(k1, np) ↪→ L1(k1, np) to include z′k+1

and these elements.
The definition of a′mp we used when mp ≤ k will not make sense when m = k1 +1

since there does not exist y(k1+1)p in L2(k, n). However there is such an element in
L2(∞, n), and we will denote it as ŷ(k1+1)p. In L2(∞, n) write

dŷ(k1+1)p = ptẑ(k1+1)p + pt−1α+ β,

where t = ν
(
(k1 + 1)p

)
,

ẑ(k1+1)p = −1

2

m−1∑
j=1,
j 6≡0(p)

1

pt

(
(k1 + 1)p

j

)
[yj , y(k1+1)p−j ],

α = −1

2

k1∑
j=1,

j 6≡0(p) or k1+1−j 6≡0(p)

1

pt−1

(
(k1 + 1)p

jp

)
[yjp, y(k1+1)p−jp],
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and β is the sum of the remaining terms. If k1 6≡ −1(p), then t = 1 and β = 0. If
k1 ≡ −1(p), then k1 + 1 = (k2 + 1)p and

β = −1

2

k2∑
j=1

(
(k1 + 1)p

jp2

)
[yjp2 , y(k1+1)p−jp2 ].

Notice that α and β lie in L2(k, n). Since differentiating gives

0 = ptdẑ(k1+1)p + pt−1dα + dβ,

we see that dβ is divisible by pt−1 and dα+ dβ/pt−1 is divisible by p.

Lemma 1.6. dβ =
pt−1

u
(
(k1 + 1)p

)gdz′#k1+1.

Proof. If k1 6≡ −1(p), then both sides are zero. For k1 ≡ −1(p),

dy#
k1+1 = pt−1z′

#
k1+1 +

1

2

k2∑
j=1

(
k1 + 1

jp

)
[y#
jp, y

#
k1+1−jp]

and so

pt−1gdz′
#
k1+1 = −1

2

k2∑
j=1

(
k1 + 1

jp

)
u(jp)u

(
(k1 + 1)p− jp

)
d[yjp2 , y(k1+1)p−jp2 ]

= −1

2

k2∑
j=1

(
(k1 + 1)p

jp2

)
u
(
(k1 + 1)p

)
d[yjp2 , y(k1+1)p−jp2 ]

= u
(
(k1 + 1)p

)
dβ

Set a′(k1+1)p = −α and c′(k1+1)p = dẑ(k1+1)p = −(dα+ dβ/pt−1)/p. Thus

da′(k1+1)p = pc′(k1+1)p +
gdz′

#
k1+1

u
(
(k1 + 1)p

) .(8)

From the definition,

a′(k1+1)p = α = − 1

pt−1

(
(k1 + 1)p

p

)
a(k1+1)p + [L2, L2],

and note that
(
1/pt−1

) (
(k1+1)p

p

)
is a unit modulo p. Therefore we may replace

a(k1+1)p by a′(k1+1)p in our basis for L2. Differentiating gives

pc′(k1+1)p +
gdz#

k1+1

u
(
(k1 + 1)p

) = − 1

pt−1

(
(k1 + 1)p

p

)
da(k1+1)p + [L2, L2].
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Since gdz′
#
k1+1 ∈ [L2, L2],

c′(k1+1)p = − 1

pt

(
(k1 + 1)p

p

)
([pz′p, yk1p]− [yp, dyk1p]) + [L2, L2]

= − 1

pt

(
(k1 + 1)p

p

)
([pz′p, yk1p]− [yp, p

ν(k1p)z′k1p]) + [L2, L2]

= − 1

pt−1

(
(k1 + 1)p

p

)
([z′p, yk1p]− pν(k1)b(k1+1)p) + [L2, L2].

Note that [z′p, yk1p] appears in our basis when k1 6≡ 0(p), so this formula together

with the fact that
(
1/pt−1

) (
(k1+1)p

p

)
is a unit modulo p justifies the replacement of

c(k1+1)p by c′(k1+1)p in our basis for L2 both in the case where k1 ≡ 0(p) and the

case k1 6≡ 0(p).
Let

M2 = L〈a′p2 , yp2 , a′2p2 , y2p2 , . . . , a′k2p2 , yk2p2 , z′k+1, c
′
(k1+1)p, a

′
(k1+1)p〉.

If k 6≡ −1(p), then dz′k+1 = 0. In the case k ≡ −1(p), we have k+ 1 = (k1 + 1)p, so
this is the one case where ẑ(k1+1)p lies in L2(k, n). In this case ẑ(k1+1)p = z′(k1+1)p

and so dz′(k1+1)p = c′(k1+1)p. Extend the definition of h to h̄ : M2(k, n)→ L′1(k1, np)

by setting h̄(z′k+1) = 0, h̄(c′(k1+1)p) = 0, and h̄(a′(k1+1)p) =
(
1/u

(
(k1 + 1)p

))
z′

#
k1+1.

By the above calculations, h commutes with the differentials. Furthermore we can
form a Lie algebra extension ḡ of g to L′1(k1, np) by setting

ḡ(z′
#
k1+1) =

{
u
(
(k1 + 1)p

)
a′(k1+1)p, if k 6≡ −1(p);

u
(
(k1 + 1)p

)
(a′(k1+1)p − pz′k+1), if k ≡ −1(p)

(9)

to form a right inverse to h̄. Formula (8) implies that this extension commutes with
the differentials after reduction modulo p. The extra term we have included when
k ≡ −1(p) is not essential to the computation, but it makes the determination of
the operation of the Bockstein easier. This splitting together with the fact that

dz′k+1 =

{
0, if k 6≡ −1(p);

c′(k1+1)p, if k ≡ −1(p)

shows that the mod-p homology of UM2 is given by

H∗ (UM2(k, n);Z/pZ) =


ḡH∗ (UL′1(k1, np);Z/pZ)∐

TZ/pZ〈c′(k1+1)p, z
′
k+1〉, if k 6≡ −1(p);

ḡH∗ (UL′1(k1, np);Z/pZ) , if k ≡ −1(p).

(10)

At this point we have

L2 = L〈a′p2 , yp2 , a′2p2 , y2p2 , . . . , a′k2p2 , yk2p2 , z′k+1, c
′
(k1+1)p, a

′
(k1+1)p ∪ C2 ∪D′2〉

where C2 is as before and D′2 is a basis for the free ULab〈z′p〉-module on{
z′p · z′k+1, z

′
p · c′(k1+1)p, z

′
p · a′(k1+1)p, bk+p+1

}
.
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As graded Lie algebras, we can rewrite this as

L2 = M2

∐
L〈C2〉

∐
L〈D′2〉;

however, this need not be true as differential graded Lie algebras as L〈D′2〉 might
not be closed under the differential. Our final move is to replace z′p · a′(k1+1)p by an

element w(k1+2)p so as to rectify this defect.
We consider first the case k ≡ −1(p). In this case dz′k+1 = c′(k1+1)p and so

d(z′p · z′(k1+1)p) = z′p · c′(k1+1)p. Set w(k1+2)p = dbk+p+1. Explicitly,

w(k1+2)p = dbk+p+1

= d[yp, z
′
k+1]

= p[z′p, z
′
k+1]− [yp, c

′
(k1+1)p]

= p[z′p, z
′
k+1] + [yp,

dα

p
] + [yp,

gdz#
k1+1

pu
(
(k1 + 1)p

) ]

= p[z′p, z
′
k+1]

+
1

p

yp, d
−1

2

k1∑
j=1,

j 6≡0(p) or k1+1−j 6≡0(p)

1

pt−1

(
(k1+1)p

jp

)
[yjp, y(k1+1)p−jp]




+
[
yp, [L2, L2]

]
= p[z′p, z

′
k+1]− 1

2pt

[
yp, d

((
(k1 + 1)p

p

)
2[yp, yk1p]

+

k1−1∑
j=2,

j 6≡0(p) or k1+1−j 6≡0(p)

(
(k1 + 1)p

jp

)
[yjp, y(k1+1)p−jp]

)]
+ [L2, L2]

= p[z′p, z
′
k+1]− 1

pt

(
(k1 + 1)p

p

)
[yp, d[yp, yk1p]] + [L2, L2]

= p[z′p, z
′
k+1]− 1

pt

(
(k1+1)p

p

)([
yp, [pz

′
p, yk1p]

]
−[yp, [yp, dyk1p]]

)
+[L2, L2]

= p[z′p, z
′
k+1]− 1

pt

(
(k1 + 1)p

p

)([
pz′p, [yp, yk1p]

]
+
[
yk1p, [yp, pz

′
p]
]

+
1

2
[a2p, dyk1p]

)
+ [L2, L2]

= p[z′p, z
′
k+1]− 1

pt

(
(k1 + 1)p

p

)(
[pz′p, a(k1+1)p] + [yk1p, pb2p]

)
+ [L2, L2]

= p[z′p, z
′
k+1] + [z′p, a

′
(k1+1)p] + [L2, L2].

Thus w(k1+2)p = dbk+p+1 is a valid replacement for z′p · a′(k1+1)p in this case.

Finally when k 6≡ −1(p), we will choose w(k1+2)p in such a way that dw(k1+2)p =

pz′p ·c(k1+1)p. Since z′p ·gd#z′
#
k1+1 is a cycle in [z′p,K2], its image in L2 is a boundary

by Lemma 1.3. Choose γ such that dγ = z′p · gd#z′
#
k1+1. Since the bracket length
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of z′p · gd#z′
#
k1+1 is greater than 2, we see that γ ∈ [L2, L2]. Set w(k1+2)p =

z′p · a′(k1+1)p− γ/u
(
(k1 + 1)p

)
. Then w(k1+2)p is a valid replacement for z′p · a′(k1+1)p

and dw(k1+2)p = pz′p · c′(k1+1)p.

Lemma 1.7. For k 6≡ −1(p), w(k1+2)p is homologous to [yp, c
′
(k1+1)p].

Proof. Write a ∼ b to mean a is homologous to b. By construction w(k1+2)p ∼
[z′p, a

′
(k1+1)p]. For all x, [yp, dx] ∼ p[z′p, x] since d[yp, x] = p[z′p, x]− [yp, dx]. Thus for

x ∈ K2, [yp, dx] ∼ [z′p, x] ∼ 0 by Lemma 1.3. By definition c′(k1+1)p = da′(k1+1)p/p

−dβ/pν((k1+1)p) where β ∈ K2. Therefore [yp, c
′
(k1+1)p] ∼ [pz′p, a

′
(k1+1)p/p] ∼

[z′p, a
′
(k1+1)p].

After this replacement in both cases we get a decomposition as DGL’s

L2 = M2

∐
C2

∐
N2

where M2 and C2 are as above and N2 = L〈D′′2 〉 where D′′2 is a basis for the free
ULab〈z′p〉-module on{

z′p · z′k+1, z
′
p · c′(k1+1)p, w(k1+2)p, bk+p+1

}
,

with the differential given by{
dw(k1+2)p = pz′p · c′(k1+1)p

dbk+p+1 = pz′p · z′k+1

}
, if k 6≡ −1(p)

and {
dz′p · z′k+1 = z′p · c′(k1+1)p

dbk+p+1 = w(k1+2)p

}
, if k ≡ −1(p).

Applying Lemma 1.2 gives a mod p homology isomorphism

H∗ (U(M2

∐
N ′2);Z/pZ)→ H∗ (U(M2

∐
N2);Z/pZ)

with

N ′2 =

{
N2, if k 6≡ −1(p);

0, if k ≡ −1(p).

Thus combining this with (10) gives

H∗ (UL′2(k, n);Z/pZ)

=


ḡH∗ (UL′1(k1, np);Z/pZ)∐

TZ/pZ
〈
{z′p

j · z′k+1}j≥0,

{z′p
j · c′(k1+1)p}j≥0, {z′p

j · w(k1+2)p}j≥0, {z′p
j · bk+p+1}j≥0

〉
, if k 6≡ −1(p);

ḡH∗ (UL′1(k1, np);Z/pZ) , if k ≡ −1(p)

as coalgebras.
The results of the preceding calculations are summarized in the following theorem

which determines the coalgebra H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
in a recursive sense.
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Theorem 1.8. If k < p, then H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
= SZ/pZ〈y1, z

′
k+1〉. For k ≥

p, as coalgebras

H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
∼=


ḡH∗ (UL′1(k1, np);Z/pZ)

∐
TZ/pZ

〈
{z′p

j · z′k+1}j≥0, {z′p
j · c′(k1+1)p}j≥0,

{z′p
j · w(k1+2)p}j≥0, {z′p

j · bk+p+1}j≥0

〉
⊗ SZ/pZ〈y1, z

′
p, yp〉, if k 6≡ −1(p);

ḡH∗ (UL′1(k1, np);Z/pZ)⊗ SZ/pZ〈y1, z
′
p, yp〉, if k ≡ −1(p).

where H∗ (UL′1(q,m);Z/pZ) = SZ/pZ〈z′q+1〉 for q < p and

H∗ (UL′1(q,m);Z/pZ) ∼= H∗ (UL′2(q,m);Z/pZ)⊗ SZ/pZ〈z′p, yp〉

∼=


ḡH∗ (UL′1(q1,mp);Z/pZ)∐

TZ/pZ
〈
{z′p

j · z′q+1}j≥0, {z′p
j · c′(q1+1)p}j≥0,

{z′p
j · w(q1+2)p}j≥0, {z′p

j · bq+p+1}j≥0

〉
⊗ SZ/pZ〈z′p, yp〉, if q 6≡ −1(p);

ḡH∗ (UL′1(q1,mp);Z/pZ)⊗ SZ/pZ〈z′p, yp〉, if q ≡ −1(p).

for q ≥ p.

It is well known (and can be obtained as a limiting case of the preceding calcu-
lations) that

H∗
(
ΩJ
(
S2n

)
;Z/pZ

) ∼= SZ/pZ〈v2n−1, u2np−2, v2np−1, . . . , u2npt−2, v2npt−1, . . .〉

where v2npj−1 = ḡj−1yp,npj−1 and u2npj−2 = ḡj−1z′p,npj−1 for j ≥ 1, with v2n−1 =

y1,n. Collecting our earlier results and repeatedly applying the preceding theorem
gives the Hopf algebra structure of H∗

(
ΩJk

(
S2n

)
;Z/pZ

)
described in the following

theorem.

Theorem 1.9. If pt ≤ k < pt+1, then the Hopf algebra H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
is

given by

H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
= TZ/pZ

〈
{v2npi−1}ti=0 ∪ {u2npi−2}ti=1{z′kt+1,npt} ∪ {ḡtz′kt+1,npt}

∪
t−1⋃
i=0

ki 6≡−1(p)

(
{uj2npi+1−2 · ḡ

iz′ki+1,npi}j≥0 ∪ {uj2npi+1−2 · ḡ
ic′(ki+1+1)p,npi}j≥0

∪ {uj2npi+1−2 · ḡ
iw(ki+1+2)p,npi}j≥0 ∪ {uj2npi+1−2 · ḡ

ibki+p+1,npi}j≥0

)〉

modulo the relations
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[u2npi−2, u2npi′−2] = 0, 1 ≤ i < i′ ≤ t, 1

[u2npi−2, v2npi′−1] = 0, 1 ≤ i < i′ ≤ t, 2

[v2npi−1, v2npi′−1] = 0, 1 ≤ i < i′ ≤ t, 3

[v2npi+1−1, v2npi+1−1] =


ḡi+1z′ki+1+1,npi+1

u(2p)
, if ki+1 = 2;

0, otherwise,

4

[v2npi+1−1, ḡ
i′z′

ki′+1,npi′
] = 0,

0 ≤ i < i′ < t, ki′ 6≡ −1(p) or

0 ≤ i < i′ = t
5

[v2npi+1−1, ḡ
iz′ki+1,npi ] = ḡibki+p+1,npi , 0 ≤ i < t, ki 6≡ −1(p), 6

[v2npi+1−1, ḡ
i′c′

(ki′+1+1)p,npi′
] = 0, 0 ≤ i < i′ < t, ki′ 6≡ −1(p), 7

[v2npi+1−1, ḡ
ic′(ki+1+1)p,npi ] = ḡiw(ki+1+2)p,npi , 0 ≤ i < t, ki 6≡ −1(p), 8

[u2npi+1−2, ḡ
i′z′

ki′+1,npi′
] = 0, 0 ≤ i < i′ − 1 < t, ki′ 6≡ −1(p), 9

[u2npi+1−2, ḡ
i+1z′ki+1+1,npi+1 ] = ḡiw(ki+1+2)p,npi , 0 ≤ i < t, ki+1 6≡ −1(p), 10

[u2npi+1−2, ḡ
i′c′

(ki′+1+1)p,npi′
] = 0, 0 ≤ i′ < i < t, ki′ 6≡ −1(p), 11

[v2n−1, x] =


z′k+1, if k = pt and x = v2npt−1;

0, if k 6= pt or x one of the other

generators.

12

Proof. As a coalgebra this follows from repeated application of Theorem 1.8. Turn-
ing now to the algebra structure, we must reconstruct the multiplication in the
extension L2 → L1 → Lab〈zp, yp〉 and the extension L1 → L0 → Lab〈y1〉. By
Lemma 1.3 we have the relations [z′p, x] = 0 and [yp, x] = 0 for

x ∈ Im
(
H∗ (UK ′2(k, n);Z/pZ)∼= ḡH∗ (UK ′1(k1, np);Z/pZ)

→ ḡH∗ (UL′1(k1, np);Z/pZ)
)
.

This accounts for relations (1), (2), (3), (5), (7), (9), and (11). Lemma 1.7 gives (8),
while (6) and (10) come from the definitions of bki+p+1 and w(ki+1+2). Relation (4)
comes from the fact that [yp, yp] = a2p belongs to I2 except when 2p = (ki + 1)p,

in which case a2p = ḡz#
2 /u(2p) (after reduction modulo p). Finally the relation

[y1, z
′
m] = (1/2)[a2, ym−1] together with the definition shows [y1, x] = 0 for any

homology class x except when k = pt, in which case [y1, ypt ] = z′pt+1.

Corollary 1.10. Jk
(
S2n

)
is mod p elliptic if and only if k = qpt − 1 for some q

and t.

For ease of notation, write sj for u
(
(kj + 1)p

)
. Our calculations also give the

Bockstein action described in the following theorem.

Theorem 1.11. Suppose pt ≤ k < pt+1.

β(v2npj−1) = u2npj−2.



3564 PAUL SELICK

For i such that ki 6≡ −1(p)

β(ḡiw(ki+1+2)p,npi) = u2npi+1−2 · ḡic′(ki+1+1)p,npi .

For i such that i = t or ki 6≡ −1(p)

β(j)(ḡiz′ki+1,npi) = 0 if j < i− q
β(i−q)(ḡiz′ki+1,npi) = (−1)i−q−1sisi−1 . . . sq+1ḡ

i−qc′kq+1+1,npq

where q = max{σ | σ < i and kσ 6≡ −1(p)}, and

β(j)(ḡiz′ki+1,npi) = 0 for all j

if there does not exist σ < i such that kσ 6≡ −1(p).

For i such that ki 6≡ −1(p)

β(ḡibki+p+1,npi) = u2npi−2 · ḡiz′ki+1,npi − v2npi+1−1 · β(ḡiz′ki+1,npi).

Proof. Since dḡ = ḡd on K1, the formulas for β(v2npj−1) and β(ḡiw(ki+1+2)p,npi) are
immediate. However d does not commute with ḡ (until after reduction modulo p)
on z′ki+1 and bki+p+1, so we must do the calculation directly on those elements.
The definition, (9), gives for 0 ≤ j < i− q,

dḡjz′ki+1,npi = sidḡ
j−1a′(ki+1)p,npi − psidḡj−1z′ki−1+1,npi−1

= sidḡ
j−1a′(ki+1)p,npi−1 − psisi−1dḡ

j−2a′(ki−1+1)p,npi−2

+ p2sisi−1dḡ
j−2z′ki−2+1,npi−2

= . . .

=

j−1∑
t=0

(−1)tptsisi−1 · · · si−tdḡj−1−ta′(ki−t+1)p,npi−t−1

+ (−1)jpjsisi−1 · · · si−j+1z
′
ki−j ,npi−j

and

dḡi−qz′ki+1,npi =

i−q−1∑
t=0

(−1)tptsisi−1 · · · si−tdḡi−q−1−ta′(ki−t+1)p,npi−t−1 .

Since

dḡj−1−ta′(ki−t+1)p,npi−t−1 = ḡj−1−tda′(ki−t+1)p,npi−t−1

= ḡj−1−t

(
pc′(ki−t+1)p,npi−t−1 +

ḡdz′ki−t+1,npi−t

si−t

)
by (8), and

dz′km+1,npm =

{
c′(km+1+1)p,npm , if i < m < q;

0, if m = i or m = q,
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the sum telescopes to give

dḡjz′ki+1,npi =

{
0, if j < i− q;
(−1)i−q−1sisi−1 . . . sq+1p

i−qc′(kq+1+1)p,npq , if j = i− q.

The final formula follows from the definition of bki+p+1,npi as [yp,npi , z
′
ki+1,npi ].

Notice that the preceding theorem shows that there are some cases in which there
is higher p-torsion in H∗

(
ΩJ
(
S2n

))
, something which does not happen in the lim-

iting case H∗
(
ΩJ
(
S2n

))
. Since P1

∗u2npj−2 = −up2npj−1−2 in H∗
(
ΩJ
(
S2n

)
;Z/pZ

)
,

[see CML], this relation also holds in H∗
(
ΩJk

(
S2n

)
;Z/pZ

)
for pj ≤ k. The small-

est i such that ḡiz′ki+1,npi represents a homology class (i.e. max{j | kσ ≡ −1(p) for

all σ < j}) corresponds to the generator of H2n(k+1)−2

(
ΩJk

(
S2n

)
;Q
)
.

2. Product decompositions and exponents

In this section we will produce product decompositions of ΩJk
(
S2n

)
for k < p2−

p and use it to obtain homotopy exponents for these spaces. The first appearance
of a non-trivial Steenrod operation P1

∗ is in ΩJp2−p
(
S2n

)
where P1

∗
(
ḡz′p,np

)
=

−(u2np−2)p. The techniques of this paper are not sufficient to handle that situation.
For p ≤ k < p2 − p we shall obtain a decomposition of the form

ΩJk
(
S2n

)
≈ F2(n)× ΩS2n(k+1) × Ω

∨
(Moore spaces)

where F2(n) is a space whose homology is SZ/pZ〈v2n−1, u2np−2, v2np−1〉 which was
introduced in [S2]. Because of the non-trivial Steenrod operations it is clear that a
decomposition of ΩJk

(
S2n

)
must involve other types of spaces when k ≥ p2 − p.

It is well known and easy to check that ΩJk
(
S2n

)
≡ S2n−1 × ΩS2n(k+1)−1 for

k < p − 1, and ΩJp−1

(
S2n

)
is easily seen to be atomic, although it is known to

have an exponent from Toda’s fibrations. We shall therefore concentrate on the
cases p ≤ k < p2 − p. Throughout this section, all homology will be assumed to be
with Z/pZ coefficients unless stated otherwise.

From section 1 we have

H∗
(
ΩJk

(
S2n

))
= SZ/pZ〈v2n−1, u2np−2, v2np−1〉 ⊗ TZ/pZ〈B〉

where

B =


{uj2np−2 · z′k+1}j≥0 ∪ {uj2np−2 · c′(k1+1)p}j≥0

∪{uj2np−2 · w(k1+2)p}j≥0 ∪ {uj2np−2 · bk+p+1}j≥0 ∪ {ḡz′k1+1,np},
if k 6≡ −1(p)

{ḡz′k1+1,np}, if k ≡ −1(p).

Since k < p2 − p it follows that k1 < p − 1, so the γ in the definition of w(k1+2)p

is 0 and thus w(k1+2)p = u2np−2 · a′(k1+1)p. If k 6≡ −1(p), then ḡz′k1+1,np = a′(k1+1)p,

while if k ≡ −1(p), then ḡz′k1+1,np = u
(
(k1 + 1)p

)
a′(k1+1)p − pz′k+1. Thus

B =


{uj2np−2 · z′k+1}j≥0 ∪ {uj2np−2 · c′(k1+1)p}j≥0

∪{uj2np−2 · a′(k1+1)p}j≥0 ∪ {uj2np−2 · bk+p+1}j≥0, if k 6≡ −1(p);

ãk1+1, if k ≡ −1(p)

where we have used ãk1+1 to denote u
(
(k1 + 1)p

)
a′(k1+1)p − pz′k+1.
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Our immediate goal is to recall the definition of F2(n), obtain additional prop-
erties of it and related spaces, and show that it is a retract of ΩJk

(
S2n

)
for

p ≤ k < p2 − p.

Lemma 2.1. For each k, there exists a map Tk : ΩJk
(
S2n

)
→ ΩS2n(k+1)−1, which

is onto on homology.

Proof. This is well known, and there are several possible constructions [Gr], [MN].
One construction, following Toda [T], makes use of the co-action map Jk

(
S2n

)
→

Jk
(
S2n

)
∨S2nk as follows. In general, Ω(X∨Y ) ≈ ΩX×ΩY ×Ω(ΩX ∗ΩY ). Define

Tk to be the composite,

ΩJk
(
S2n

)
→ Ω

(
Jk
(
S2n

)
∨ S2nk

) π3−→ Ω
(
ΩJk

(
S2n

)
∗ ΩS2nk

)
≈ Ω

(
ΣΩJk

(
S2n

)
∧ ΩS2nk

)
→ Ω

(
ΩJk

(
S2n

)
∧ S2nk

)
→ ΩΣ2nk−1Jk

(
S2n

)
≈ Ω

 k∨
j=1

S2nk−1+2nj

→ ΩS2nk−1+2n = ΩS2n(k+1)−1.

We refer to such a map as a Toda-Hopf invariant map.
As in [S2], we write K for the 2np − 2-skeleton of ΩJp−1

(
S2n

)
. The following

properties of K are shown in [S2].

Lemma 2.2.
1) Σ2K ≈ S2n+1 ∨ S2np.
2) ΣK ∧K ≈ S4n−1 ∨ S2np+2n−2 ∨ S2np+2n−2 ∨ S4np−3.

For 0 ≤ k ≤ p let Xk(n) denote the homotopy-fibre of the inclusion Jk
(
S2n

)
↪→

Jp−1

(
S2n

)
. From the Serre or Eilenberg-Moore spectral sequence we get

Proposition 2.3.

H∗ (Xk(n)) =

{
Λ(b̃2n(k+1)−1)⊗ Γ(ũ2np−2), if k < p− 1;

0, if k = p− 1,

where Λ(b̃) and Γ(ũ) denote respectively the exterior algebra on b̃ and the divided
polynomial algebra on ũ.

Theorem 2.4. For 1 ≤ k < p−1, ΣXk(n)≈
∞∨
q=1

Sq(2np−2)+1∨
∞∨
q=0

Sq(2np−2)+2n(k+1).

Proof. The theorem is equivalent to the statement that the Hurewicz homomor-
phism h : π∗ (ΣXk(n))→ H∗ (ΣXk(n)) is surjective. For ε = 0 or 1, and q ≥ 0, let
gq,ε denote the composite

Kq ×
(
S2n(k+1)−1

)ε
→ ΩJp−1

(
S2n

)
×Xk(n)

µ−→ Xk(n),

where µ is the action of the fibre on the total space in the principal fibration induced
from the fibration defining Xk(n). The commutative diagram

ΩJp−1

(
S2n

)
× ΩJp−1

(
S2n

)
−→ ΩJp−1

(
S2n

)y y
ΩJp−1

(
S2n

)
×Xk(n)

µ−→ Xk(n)
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shows that gq,0∗ is an isomorphism on Hq(2np−2)( ). The commutativity of µ∗ with
the coproduct then shows that gq,1∗ is an isomorphism on Hq(2np−2)+2n(k+1)−1( ).
Since Σ(X × Y ) ∼= ΣX ∨ ΣY ∨ ΣX ∧ Y , the suspensions of the gk,ε’s can be
used in conjuction with the splittings of Lemma 2.2 to produce maps from spheres
exhibiting each element of H∗ (ΣXk(n)) above degree 2np − 1 as an image under
the Hurewicz homomorphism. Write B/A for the homotopy-theoretic cofibre of
A → B. Let j : S2np−2 → ΩJp−1

(
S2n

)
/S2n−1 be a generator of the least non-

vanishing homotopy group of that space. Let c : ΩJp−1

(
S2n

)
/ΩJk

(
S2n

)
→ Xk(n)

be induced from the fibration sequence ΩJk
(
S2n

)
→ ΩJp−1

(
S2n

)
→ Xk(n). Then

the composite

S2np−2 j−→ ΩJp−1

(
S2n

)
/S2n−1 → ΩJp−1

(
S2n

)
/ΩJk

(
S2n

) c−→ Xk(n)

induces an isomorphism on H2np−2( ), and so the the Hurewicz homomorphism
is onto in this degree. Finally, the Hurewicz map is an isomorphism in the least
non-vanishing degree, 2n(k + 1)− 1, of Xk(n).

Remark. In the case X0(n) = ΩJp−1

(
S2n

)
the map c does not exist and the

above argument gives only the well-known ΣΩJp−1

(
S2n

)
≈ ΣK ∨

∞∨
q=2

Sq(2np−2)+1∨

∞∨
q=1

Sq(2np−2)+2np as in [S2].

Corollary 2.5. For 1 ≤ k ≤ p− 1, Xk(n) ≈ S2n(k+1)−1 × ΩS2np−1.

Proof. Using adjoints of maps coming from the preceding wedge decomposition, we
get maps Xk(n)→ ΩS2np−1 and Xk → ΩS2n(k+1) ≈ S2n(k+1)−1 × ΩS4n(k+1)−1 →
S2n(k+1)−1 which are onto on homology. Together they give a map Xk(n) →
S2n(k+1)−1×ΩS2np−1 which induces a homology isomorphism and thus is a homo-
topy equivalence.

For degree reasons, the restriction to Jqpt−1

(
S2n

)
of the pt th Hopf invariant map

H : J(S2n)→ J(S2npt) lands in Jq−1(S2npt), the 2npt(q − 1)-skeleton of J(S2npt).
Note that in the notation of section 1, if k0 = qp − 1, then k1 = q − 1. The map
H : Jqp−1

(
S2n

)
→ Jq−1(S2np) induces the map h : K2(k0, n) → K1(k1, np) of

section 1.

Theorem 2.6. Jpt−1

(
S2n

)
↪→ Jqpt−1

(
S2n

) H−→ Jq−1(S2npt) is a fibration se-
quence up to homotopy.

Proof. The proof is the same as that of the existence of Toda’s homotopy-fibration
Jp−1

(
S2n

)
→ J

(
S2n

)
→ J

(
S2np

)
. Toda’s calculation [T] shows that H induces

an isomorphism on Z(p)-cohomology in degrees 2njpt and consequently exhibits

H∗
(
Jqpt−1

(
S2n

)
;Z(p)

)
as a free module over H∗

(
Jq−1(S2npt);Z(p)

)
with a basis

for H∗
(
Jpt−1

(
S2n

)
;Z(p)

)
as basis. The Serre or Eilenberg-Moore spectral sequence

thus shows that the homology of the homotopy-fibre of H is isomorphic to that of

Jpt−1

(
S2n

)
. The composite Jpt−1

(
S2n

)
→ Jqpt−1

(
S2n

)
→ Jq−1(S2npt) is trivial

for degree reasons and so yields a map from Jpt−1

(
S2n

)
to the homotopy-fibre of H

which induces the homology isomorphism above.
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These Hopf invariant maps are compatible in the sense that if q ≤ q′, then

Jqpt−1

(
S2n

)
−→ Jq′pt−1

(
S2n

)yH yH
Jq−1(S2npt) −→ Jq′−1(S2npt)

commutes, and the preceding theorem shows that this square is a homotopy-
theoretic pullback. In particular, the homotopy-fibre of Jqp−1

(
S2n

)
→ Jp2−1

(
S2n

)
is Xq−1(np), the same as that of Jq−1(S2np)→ Jp−1(S2np).

For 1 ≤ q < p, let jq denote the composite S2npq−1 → Xq−1(np)→ Jqp−1

(
S2n

)
.

In particular, j1 is the composite S2np−1 → ΩJp−1S
2np ∂−→ Jp−1

(
S2n

)
where the

second map is induced from the fibration Jp−1

(
S2n

)
→ Jp2−1

(
S2n

)
→ Jp−1(S2np).

Lemma 2.7.
1) For 1 ≤ q < p, jq is the attaching map by means of which Jqp

(
S2n

)
is con-

structed from Jqp−1

(
S2n

)
. In other words, S2npq−1 jq−→ Jqp−1

(
S2n

)
→ Jqp

(
S2n

)
is a cofibration sequence up to homotopy.

2) For 2 ≤ q < p, Ωjq induces an injection on H∗( ).

Proof. 1) Given a fibration F → E → B, Ganea [Ga] shows that the homotopy-
fibre of the induced map E/F → B is F ∗ΩB. The homotopy fibration Xq−1(np)→
Jqp−1

(
S2n

)
→ Jp2−1

(
S2n

)
thus yields a homotopy fibration

Xq−1(np) ∗ ΩJp2−1

(
S2n

)
→ Jqp−1

(
S2n

)
/Xq−1(np)→ Jp2−1

(
S2n

)
which shows that Jqp−1

(
S2n

)
/Xq−1(np) → Jp2−1

(
S2n

)
is more than 2npq-

connected. Since S2npq−1 → Xq−1(np) is also more than 2npq-connected, the
composite

Jqp−1

(
S2n

)
/S2npq−1 → Jqp−1

(
S2n

)
/Xq−1(np)→ Jp2−1

(
S2n

)
is 2npq-connected, and so the homotopy cofibre of jq is Jpq

(
S2n

)
, the 2npq-skeleton

of Jp2−1

(
S2n

)
.

2) Looping before applying Ganea shows by the above argument that the com-
posite

ΩJqp−1

(
S2n

)
/ΩS2npq−1 → ΩJqp−1

(
S2n

)
/ΩXq−1(np)→ ΩJp2−1

(
S2n

)
is 2npq-connected. Since q > 1, we know

H∗
(
ΩJqp−1

(
S2n

))
= SZ/pZ〈v2n−1, u2np−2, v2np−1〉 ⊗ TZ/pZ〈ãqp〉,

where |ãqp| = 2npq − 2. However

H∗
(
ΩJp2−1

(
S2n

))
= SZ/pZ〈v2n−1, u2np−2, v2np−1, u2np2−2〉

so this map can be 2npq connected only if Ωjq∗ is an injection in degree 2npq − 2.
Since it is multiplicative, this means that it is an injection in all degrees.

The space F2(n) was defined in [S2] as the homotopy-theoretic pullback of the
maps ΩH : ΩJ(S2n)→ ΩJ(S2np) and E2 : S2np−1 → Ω2S2np+1 ≈ ΩJ(S2np). Since
each of these maps is an H-map, this description makes it clear that F2(n) is an
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H-space. The diagram

F2(n) −→ ΩJp2−1

(
S2n

)
−→ ΩJ

(
S2n

)y y yΩH

S2np−1 −→ Ω
(
Jp−1S

2np
)
−→ Ω

(
JS2np

)y y∂ y∂
Jp−1

(
S2n

)
== Jp−1

(
S2n

)
== Jp−1

(
S2n

)
in which the top squares are homotopy-theoretic pullbacks and the columns are
fibrations up to homotopy shows that F2(n) is also the homotopy fibre of the

composite S2np−1 → Ω
(
Jp−1S

2np
) ∂−→ Jp−1

(
S2n

)
which was earlier identified as

j1, the attaching map for the formation of Jp
(
S2n

)
.

The diagram of homotopy fibrations

F2(n)
sp−−→ ΩJp

(
S2n

)y y
S2np−1 −−→ PJp

(
S2n

)y y
Jp−1

(
S2n

)
−−→ Jp

(
S2n

)
produces an induced map sp between the homotopy fibres. Although the homotopy
class of sp is not uniquely determined by the diagram (but depends on exactly how
the homotopy commutative diagram is realized as a strictly commuting diagram of
fibrations), any choice of sp makes the diagram

ΩJp−1

(
S2n

)
−→ ΩJp

(
S2n

)y∂ ∥∥∥
F2(n)

sp−→ ΩJp
(
S2n

)
homotopy commute and so induces an isomorphism on H2n−1( ) and H2np−2( ).
For k ≥ p let sk denote the composite F2(n) → ΩJp

(
S2n

)
→ ΩJk

(
S2n

)
. We will

construct a left homotopy inverse to sk for p ≤ k < p2 − p by producing a left
homotopy inverse to sp2−p−1.

Lemma 2.8.
1) For 1 ≤ q < p the homotopy fibre of jq : S2npq−1 → Jqp−1

(
S2n

)
is F2(n).

2) For p ≤ k < p2 − p, sk : F2(n)→ ΩJk
(
S2n

)
has a left homotopy inverse rk.

Proof. 1) We have already shown this for q = 1, so suppose q > 1. Let F be homo-
topy fibre of jq. We know that H∗

(
ΩJqp−1

(
S2n

))
= H∗ (F2(n)) ⊗H∗

(
ΩS2npq−1

)
and that Ωjq induces an injection on homology. From this we can calculate that
H∗(F ) equals H∗ (F2(n)). The composite F2(n)

sqp−1−→ΩJqp−1

(
S2n

) ∂−→F induces an
isomorphism on homology in degrees 2n − 1 and 2np − 2 and so is a homotopy
equivalence by the “atomicity” style lemma which follows.

2) In part 1 this was shown for integers of the form qp− 1 where 2 ≤ q < p, and
so in particular for p2 − p− 1. Therefore for all k the composite

ΩJk
(
S2n

)
→ ΩJp2−p−1

(
S2n

) rp2−p−1−−−→ F2(n)

is a left homotopy inverse to sk.
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Lemma 2.9. Suppose that F and G are simply connected spaces such that H∗(F ) ∼=
H∗(G) ∼= H∗ (F2(n)) as co-algebras. Let f : F → G be a map which induces an
isomorphism on homology in degrees 2n − 1 and 2np − 2. Then f is a homotopy
equivalence.

Proof. Write a, u, and v for the algebra generators of H∗ (F2(n)) in degrees 2n− 1,
2np−2 and 2np−1 respectively. Commutativity of f∗ with the coproduct shows that
the least degree in which f∗ fails to be an isomorphism must contain a primitive.

PH∗ (F2(n)) =
〈
a, v, u, up, . . . , up

k

, . . .
〉

. By hypothesis, f∗(a) 6= 0 and f∗(u) 6= 0.

Commutativity with the Bockstein shows that f∗(v) 6= 0. Suppose by induction
that f∗(u

pm) 6= 0 for m ≤ k. Then commutativity of f∗ with the coproduct shows

that f∗(u
pkv) 6= 0 since there are no primitives in its degree. Applying β then

shows that f∗(u
pk+1

) 6= 0 to complete the induction. Thus f∗ is an injection on
primitives and so is an isomorphism. Therefore f is a homotopy equivalence.

The final thing we need in order to produce our homotopy decomposition of
ΩJk

(
S2n

)
for p ≤ k < p2 − p is to show that certain elements in H∗

(
ΩJk

(
S2n

))
are in the image of the mod p Hurewicz homomorphism.

Lemma 2.10. Suppose k ≥ p and let u denote the generator of H∗
(
ΩJk

(
S2n

))
in degree 2np− 2. If x ∈ H∗

(
ΩJk

(
S2n

))
lies in the image of the mod p Hurewicz

homomorphism, then so does [u, x].

Proof. Let [ , ] : ΩJk
(
S2n

)
∧ΩJk

(
S2n

)
→ ΩJk

(
S2n

)
be the Samelson product. Let

i be the composite K → ΩJp−1

(
S2n

)
→ ΩJk

(
S2n

)
. Suppose x ∈ H∗

(
ΩJk

(
S2n

))
is the Hurewicz image of f : PN (p) → Jk

(
S2n

)
. Then [u, x] lies in the image

of the map induced on homology by the composite K ∧ PN (p)
i∧f−−→ ΩJk

(
S2n

)
∧

ΩJk
(
S2n

) [ , ]−−→ ΩJk
(
S2n

)
. However by Lemma 2.2, K ∧ PN (p) ∼= PN+2n−1(p) ∨

PN+2np−2(p), and so [u, x] lies in the image of the mod p Hurewicz homomorphism.

Theorem 2.11. For k such that p ≤ k < p2−p and k 6≡ −1(p), the elements z′k+1,

a′(k1+1)p, and b′k+p+1 of H∗
(
ΩJk

(
S2n

))
lie in the image of the mod p Hurewicz

homomorphism.

Proof. Write simply z, a, and b for z′k+1, a′(k1+1)p, and b′k+p+1 respectively. Let

G be the homotopy fibre of rk : ΩJk
(
S2n

)
→ F2(n). z is the Hurewicz image of

the composite P 2n(k+1)(p)→ S2n(k+1) j−→ G→ ΩJk
(
S2n

)
, where j is a generator

of the least nonvanishing homotopy group of G. This composite will henceforth
be written as τ . Let G′ be the homotopy-theoretic fibre of the composite G →
ΩJk

(
S2n

) Tk−→ ΩS2n(k+1)−1. There is a map P 2npq−2(p)→ G′ which on homology
hits the two least nonvanishing degrees of H∗(G

′). The Hurewicz image of the
composite P 2npq−2(p) → G′ → G → ΩJp

(
S2n

)
is a. Finally, writing L for the

2np− 1 skeleton of F2(n), we have from [S2] that Σ2L ≈ S2n+1 ∨P 2np+1(p). Since
b lies in the image of the map induced on homology by the composite P 2n(k+1) ∧
L

τ∧()−−→ ΩJk
(
S2n

)
∧ ΩJk

(
S2n

) [ , ]−−→ ΩJk
(
S2n

)
, the wedge decomposition of Σ2L

shows that b lies in the image of the mod p Hurewicz homomorphism.
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Similarly,

Theorem 2.12. For k such that p ≤ k < p2 − p and k ≡ −1(p), the element ãk+1

lies in the image of the mod p Hurewicz homomorphism.’

Theorem 2.13. For k = qp+ r such that p ≤ k < p2 − p and k 6≡ −1(p)

ΩJk
(
S2n

)
≈ F2(n)

×Ω

S2n(k+1)−1 ∨
∞∨
j=0

P 2n(q+1)p+j(2np−2)−1(p) ∨
∞∨
j=0

P 2n(k+p+1)+j(2np−2)−2(p)

 .

Proof. By Theorem 2.11 and Lemma 2.10, we can find maps S2n(k+1)−2 →
ΩJk

(
S2n

)
, P 2n(q+1)p+j(2np−2)−1(p) → ΩJk

(
S2n

)
, and P 2n(k+p+1)+j(2np−2)−2(p)

→ ΩJk
(
S2n

)
whose Hurewicz images are z, adk(u)(a), and adk(u)(b) respectively.

Since ΩJk
(
S2n

)
is an H-space, these maps yield a map

φ : Ω

S2n(k+1)−1 ∨
∞∨
j=0

P 2n(q+1)p+j(2np−2)−1(p) ∨
∞∨
j=0

P 2n(k+p+1)+j(2np−2)−2(p)


→ ΩJk

(
S2n

)
by the universal property of the James construction. By construction the composite

F2(n)× Ω

S2n(k+1)−1 ∨
∞∨
j=0

P 2n(q+1)p+j(2np−2)−1(p)

∨
∞∨
j=0

P 2n(k+p+1)+j(2np−2)−2(p)


sk×φ−−→ ΩJk

(
S2n

)
× ΩJk

(
S2n

)
→ ΩJk

(
S2n

)
induces a homology isomorphism and is thus a homotopy equivalence.

Similarly

Theorem 2.14. For k such that p ≤ k < p2 − p and k ≡ −1(p)

ΩJk
(
S2n

)
≈ F2(n)× ΩS2n(k+1)−1.

Applying the Hilton-Milnor theorem and the main theorems of [CMN3] and [N3]
gives

Corollary. Jk
(
S2n

)
has a homotopy exponent for k < p2 − p.
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